arXiv:1502.05770v3 [math.RT] 8 Sep 2016 
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Abstract. According to a theorem of Brieskorn and Slodowy, the intersection of the nilpotent 
cone of a simple Lie algebra with a transverse slice to the subregular nilpotent orbit is a simple 
surface singularity. At the opposite extremity of the poset of nilpotent orbits, the closure of the 
minimal nilpotent orbit is also an isolated symplectic singularity, called a minimal singularity. 
For classical Lie algebras, Kraft and Procesi showed that these two types of singularities suffice 
to describe all generic singularities of nilpotent orbit closures: specifically, any such singularity 
is either a simple surface singularity, a minimal singularity, or a union of two simple surface 
singularities of type A2k-i- In the present paper, we complete the picture by determining the 
generic singularities of all nilpotent orbit closures in exceptional Lie algebras (up to normalization 
in a few cases). We summarize the results in some graphs at the end of the paper. 

In most cases, we also obtain simple surface singularities or minimal singularities, though often 
with more complicated branching than occurs in the classical types. There are, however, six 
singularities that do not occur in the classical types. Three of these are unibranch non-normal 
singularities: an SL2(C)-variety whose normalization is A^, an Sp4(C)-variety whose normalization 
is A'^, and a two-dimensional variety whose normalization is the simple surface singularity A3. In 
addition, there are three 4 -dimensional isolated singularities each appearing once. We also study 
an intrinsic symmetry action on the singularities, extending Slodowy’s work for the singularity of 
the nilpotent cone at a point in the subregular orbit. 


1 . Introduction 


1.1. Generic singularities of nilpotent orbit closures. Let G be a connected, simple algebraic 
group of adjoint type over the complex numbers C, with Lie algebra g. A nilpotent orbit G in g is 
the orbit of a nilpotent element under the adjoint action of G. Its closure O is a union of finitely 
many nilpotent orbits. The partial order on nilpotent orbits is defined to be the closure ordering. 

We are interested in the singularities of O at points of maximal orbits of its singular locus. Such 
singularities are known as the generic singularities of O. Kraft and Procesi determined the generic 
singularities in the classical types, while Brieskorn and Slodowy determined the generic singularities 
of the whole nilpotent cone Af for g of any type. The goal of this paper is to determine the generic 
singularities of O when g is of exceptional type. 

In fact, the singular l ocus o f O coinc ides with the boundary of O in O, as was shown by Namikawa 
using results of Kaledin |Nam|, |Kal06 . This result also follows from the main theorem in this paper 


in the exceptional types and from Kraft and Procesi’s work in the classical types [KP81 , KP82|. 


Therefore to study generic singularities of O, it suffices to consider each maximal orbit O' in the 
boundary of O in O. We call such an O' a minimal degeneration of O. 

The local geometry of G at a point e e G' is determined by the intersection of G with a transverse 
slice in g to G' at e. Such a transverse slice in g always exists and is provided by the affine space 
= e -I- g^, known as the Slodowy slice. Here, e and / are the nilpotent parts of an 3[2-triple and g^ 
is the centralizer of / in g. The local geometry of O at a point e is therefore encoded in So,e = Gn5e, 
which we call a nilpotent Slodowy slice. If O' is a minimal degeneration of G, then So,e has an 
isolated singularity at e. The generic singularities of G can therefore be determined by studying the 
various So,b, as O' runs over all minimal degenerations and e e O' . The isomorphism type of the 
variety So.e is independent of the choice of e. 

The main theorem of this paper is a classification of 5o,e up to algebraic isomorphism for each 
minimal degeneration O' of G in the exceptional types. In a few cases, however, we are only able to 
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determine the normalization of <So,, 
analytic isomorphism. 


and in a few others, we have determined So,e only up to local 


1.2. Symplectic varieties. Recall from [BeaOO] that a symplectic variety is a normal variety W 
with a holomorphic symplectic form ui on its smooth locus such that for any resolution n : Z ^ W, 
the pull-back extends to a regular 2-form on Z. If this 2-form is symplectic (i.e. if i t is non - 
degenerate everywhere), then n is called a symplectic resolution. By a result of Namikawa | Nam01 |, 
a normal variety is symplectic if and only if its singularities are rational Gorenstein and its smooth 
part carries a holomorphic symplectic form. 

The normalization of a nilpotent orbit Cl is a sy mplect ic variety: it is well-known that O admits 
a holomorphic n on-deg enerate closed 2-form (see ( CM95 , Ch. 1.4]) and by work of Hinich | Hin91 
and Panyushev | Pan91 |, the normalization of O has only rational Gorenstein singularities. Hence 
the normalization of C> is a symplectic variety. 

Since the normalization of O has rational Gorenstein singularities, the normalization So,e of So,e 
also has rational Gorenstein singularities. The smooth locus of So,e admits a symplectic form by 


restriction of the symplectic form on O ([ GG02 , Gorollary 7.2]), and this yields a symplectic form 
on the smooth locus of So,e since So,e is smooth in codimension one. Thus by the aforementioned 
result of Namikawa, So,e is also a symplectic variety. 

The term symplectic singularity refers to a singularity of a symplectic variety. A better under- 
standin g of isolated symplectic singularities could shed light on the long-standing conjecture (e.g. 
] LeB95| ) that a Fano contact manifold is homogeneous. The importance of finding new examples 
of isolated symplectic singularities was stressed in jBeaOC]. It is therefore of interest to determine 
generic singularities of nilpotent orbits, as a means to find new examples of isolated symplectic 
singularities. Our study of the isolated symplectic singularity So,e contributes to this program. 

1.3. Motivation from representation theory. The topology and geometry of the nilpotent cone 
M' have played an important role in representation theory centered around Spring er’s co ns tructio n 
of Wey l group re presen tations and the resulting Springer correspondence (e.g., jSprTt ], | Lus81 |, 
[BM81|, [|Jos84|, |Lus90|). The s econd author of the present paper defined a modular version of 


Springer’s correspondence [ Jut07 ] to the effect that the modular representation theory of the Weyl 
group of g is encoded in the geometry of M. In particular, its decomposition matrix is a part of the 
decomposition matrix for equivariant perverse sheaves on Af. The connection with decomposition 
numbers makes it desirable to be able to compute the stalks of intersection cohomology complexes 
with modular coefficients. In this setting the Lusztig-Shoji algorithm to compute Green functions 
is not available and one has to use other methods, such as Deligne’s construction which is general, 
but hard to use in practice. To actually compute modular stalks it is necessary to have a good 
understanding of the geometry. The case of a minimal degeneration is the most tractable. 

The decomposition matrices of the exceptional Weyl groups are known, so here we are not trying 
to use the geometry to obtain new information in modular representation theory. However, it is 
interesting to see how the reappearance of certain singularities in different nilpotent cones leads 
to equalities (or more complicated relationships) between parts of decomposition matrices. In the 
GLn case, the row and column removal rule for nilpotent singularities of |KP81| gives a geometric 


iE 


explanation for a similar rule for decomposition matrices of symmetric groups ( pam81 |, ]Jut07[). 

It would also be interesting to investigate whether the equivalences of singularities that we obtain 
in exceptional nilpotent cones have some significance for studying primitive ideals in finite VU-algebras 
(see the survey article LosI0|). 


1.4. Simple surface singularities and their symmetries. 


1.4.1. Simple surface singularities. Let r be a finite subgroup of SL 2 (C) = SpjfC). Then r acts on 
and the quotient variety C’^/r is an affine symplectic variety with an isolated singularity at the 
image of 0. This variety is known as a simple surface singularity and also as a rational double point, 
a du Val singularity, or a Kleinian singularity. 
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Up to conjugacy in SL2(C), such r are in bijection with the simply-laced, simple Lie algebras over C. 
The bijection is obtained via the exceptional fiber of a minimal resolution of C^/r. The exceptional 
fiber (that is, the inverse image of o) is a union of projective lines which intersect transversally. The 
dual graph of the resolution is given by one vertex for each projective line in the exceptional fiber 
and an edge joining two vertices when the corresponding projective lines intersect. The dual graph 
is always a connected, simply-laced Dynkin diagram, which defines the Lie algebra attached to C^/r. 
Hence we denote simple surface singularities using the upper-case letters Ak,Dk{k > 4 ),£ 0 ,^ 7 ,Eg, 
according to the associated simple Lie algebra. 

In dimension two, an isolated symplectic singularity is equivalent to a simple surface singularity, 
that is, it is locally analytically isomorphic to some C^/r (cf. |BeaOO, Section 2.1]). An algebraic 
version of this result is provided by Proposition 5.2. More generally, if r c Sp 2 „(C) is a finite subgroup 
which acts freely on C^^VIO}, then the quotient C^^/r is an isolated symplectic singularity. 


1.4.2. Symmetries of simple surface singularities. Any automorphism of the simple surface singu¬ 
larity X = C^/r fixes 0 e X and induces a permutation of the projective lines in the exceptional fiber 
of a minimal resolution. Hence it gives rise to a graph automorphism of the dual graph A of X. 
Let Aut(A) be the group of graph automorphisms of A. Then Aut(A) = 1 when g is Ai, Ej, or Eg; 
Aut(A) = 63 when g is E4; and otherwise, Aut(A) = 62. 

We now address the qu estion of when the action of Aut(A) on the dual graph comes from an 
algebraic action on X (cf. [ SI 08 C , HI. 6]). When AT is of type A^k-ifk. > 2), Dk+i{k > 3 ), or Eg, then 
Aut(A) comes from an algebraic action on X. In fact, the action is induced from a subgroup F' c 
SL 2 {C) containing F as a normal subgroup. More precisely, there exists such a F' with F'/F = Aut(A) 
and the induced action of F'/F on the dual graph of X coincides with the action of Aut(A) on A via 
this isomorphism. Such a F' is unique. The result also holds for any subgroup of Aut(A), which is 
relevant only for the D 4 case. 

Slodowy denotes the pair {X,k) consisting of X together with the induced action of E = F'/F on 
X by 


Bk, when X is of type ^2*,-! and K = 62, 

Cfe, when X is of type E^+i and K = 62, 

E4, when X is of type Eg and E = 62, 

G2, when X is of type Dt and E = 63. 


The reasons for this notation will become clear shortly. We also refer to corresponding pairs {A,E), 
where A is the dual graph and E is a subgroup of Aut(A), in the same way. The symmetry of the 
cyclic group of order 3 when X is of type E4 is not considered. 

When X is of type A 2 fc, the symmetry of X did not arise in Slodowy’s work. It does, however, 
make an appearance in this paper. In this case Aut(A) = 62, but the action on the dual graph does 
not lift to an action on X. Instead, there is a cyclic group {a) of order 4 acting on X, with u acting 
by non-trivial involution on A, but o-^ acts non-trivially on X. This cyclic action is induced from a 
F' c SLalC) corresponding to £2*3+3- We define the symmetry of X to be the induced action of F' on 
X and denote it by Only the singularities Af and Af will appear in the sequel, and then only 
when g is of type E7 or Eg. 


1.5. The regular nilpotent orbit. 

1.5.1. Generic singularities of the nilpotent cone. The problem of describing the generic singularities 
of the nilpotent cone W of g was carried out by Brieskorn |Bri71| and Slodowy [ 31o80|| in confirming 
a conjecture of Grothendieck. In their setting O is the regular nilpotent orbit and so ~0 equals Af, 
and there is only one minimal degeneration, at the subregular nilpotent orbit O' . Slodowy’s result 
from [ 31o80| , IV. 8 .3] is that when e e O', the slice Sa,e is algebraically isomorphic to a simple surface 
singularity. Moreover, as in [ Bri71[ , when the Dynkin diagram of g is simply-laced, the Lie algebra 
associated to this simple surface singularity is g. On the other hand, when g is not simply-laced, the 
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singularity So,e is determined from the list in §1.4.2. For example, if g is of type B^, then So,e is a 


type A 2 k-i singularity. This explains the notation in the list in 11.4.2. Next we explain an intrinsic 
realization of the symmetry of So^e when g is not simply-laced. 


1.5.2. Intrinsic symmetry action on the slice. Let A be the Dynkin diagram of g and K c Aut(A) be 
a subgroup. The group Aut(A ) is trivial unless g is simply-laced. The action of AT on A can be lifted 
to an action on g as in | OV9C , Chapter 4.3]: namely, fix a canonical system of generators of g. Then 
there is a subgroup K c Aut(g), isomorphic to K, which permutes the canonical system of generators, 
and whose induced action on A coincides with K. Any two choices of systems of generators define 
conjugate subgroups of Aut(g). The automorphisms in K are called diagram automorphisms of g. 

Now given g we can associate a pair {sa,K) where g* is a simple, simply-laced Lie algebra with 
Dynkin diagram A^ and K c Aut(gs) is a lifting of some K c Aut(AD and g = (g®)*^. If g is already 
simply-laced, then g = g^ and K = 1. If g is not simply-laced, then the pair (A*, K) appears in the list 
in § |l.4.2t 


but according to the type of ^g, where ^g is the Langlands dual Lie algebra of g. 


Recall B ^ s( 2 (C) is the subalgebra of g generated by e and /. Let C{s) be the centralizer of b in G. 
Then C(b) acts on So,e for any nilpotent orbit O, fixing the point e. Also the component group A{e) 
of the centralizer in G of e is isomorphic to the component group of C(b) (see §2.2 for more details). 
When e is in the subregular nilpotent orbit, Slodowy observed that G(b) is a semidirect product of its 
connected component C(b)° and a subgroup H = A(e). Moreover H is well-defined up to conjugacy in 
G(b). This is immediate except when g is of type Bk, since otherwise G(b)° is trivial. Also, A(e) ^ K. 
In particular, A(e) is trivial if g is simply-laced since G is adjoint. 

Now let {{^A)s,^K) be the pair attached above to '"g. We have A(e) ^ H ^ K Then Slodowy’s 

classification and symmetry result can be summarized as follows: the pair {So,e,H), of So,e together 
with the action of H, corresponds to the pair {{^A)s,^K) [SloSO, IV. 8 .4]. 


1.6. The other nilpotent orbits in Lie algebras of classical type. Kraft and Procesi de¬ 
scribed the generic singularities of nilpotent orbit closures for all the classical groups, up to smooth 
equivalence (see §|2.l| for the definition of smooth equivalence) (KP81|, |KP82|. 


KP81|, |KP82 


1.6.1. Minimal singularities. Let Omi„ be the minimal (non-zero) nilpotent orbit in a simple Lie 
algebra g. Th en O^in has an isolated symplectic singularity at 0 e Omin. Following Kraft and 
14.3], we refer to Omin by the lower case letters for the ambient simple Lie alge- 
The equivalence classes of these singularities, under smooth 


Procesi | KP82 
bra: ak,bk,Ck,dk{k > 4), 92 , A,£ 6 , 67 , 68 . 


equivalence, are called minimal singularities. 


1.6.2. Generic singularities in the classical types. The results of Kraft and Procesi for Lie algebras 
of classical type can be summarized as follows: an irreducible component of a generic singularity is 
either a simple surface singularity or a minimal singularity, up to smooth equivalence. Moreover, 
when a generic singularity is not irreducible, then it is smoothly equivalent to a union of two simple 
surface singularities of type A 21 C -1 meeting transversally in the singular point. This is denoted 2 A 2 fc_i. 
In more detail: 


Theorem 1.1. [ KP81 |, [ KP82 Assume O' is a minimal degeneration of O in a simple complex Lie 
algebra of classical type. Let e e O' . Then 


(a) If the codimension of O' in O is two, then So.e is smoothly equivalent to a simple surface 
singularity of type Ak, Dk, or 2 A 2 k-i. The last two singularities do not occur for sLiC), and 
the singularity Ak for k even does not occur in the classical Lie algebras besides bI„(C). 


(b) If the codimension is greater than two, then So,e is smoothly equivalent to ak,bk,Ck, or dk. 
The last three singularities do not occur for sin (C). 
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1.7. The case of type G 2 . This case was studied by Levasseur-Smith | LS 88 | and Kraft | Kra 8 E |. 
Let Os denote the Ai orbit and let Oe denote the minimal orbit. Kraft showed that the closure of 
the subregular orbit has Ai singularity along Os- Levasseur-Smith showed that Os has non-normal 
locus equal to Oe and that the natural map from the closure of the minimal orbit in so 7 (C) to Os 
is the normalization map and is bijective. From these results it follows that the singularity of Os 
along Oe is non-normal with smooth normalization. We describe this singularity in 14.4.3 and show 
that its normalization is C^. 

1.8. Main results. We now summarize the main results of the paper describing the classification 
of generic singularities in the exceptional Lie algebras. Here and in the sequel, we may write the 
degeneration O' of O as (0,0'), that is, with the larger orbit appearing first. In this subsection O' 
is a minimal degeneration of O and e £ O'. 

1.8.1. Overview. Most generic singularities are like those in the classical types: the irreducible 
components are either simple surface singularities or minimal singularities. But some new features 
occur in the exceptional groups. There is more complicated branching and several singularities occur 
which did not occur in the classical types. Among the latter are three singularities whose irreducible 
components are not normal (one of these already occurs in G 2 as the singularity of Ai in the minimal 
orbit), and three additional singularities of dimension four. 

A key observation is that all irreducible components of So,e are mutually isomorphic since the 


action of C(s) is transitive on irreducible components (§2.4). This result is not true in general when 
O' is not a minimal degeneration of O. 

For most minimal degenerations we determine the isomorphism type of So.e, a stron ger re sult 
than classifying the singularity up to smooth equivalence. In ten of these cases, all in Es (§ 10.2 ), we 
can only determine the isomorphism type of So,e up to normalization. In the remaining four cases, 
So,e is determined only up to smooth equivalence (§ |l^. It is possible to use the methods here to 
establish that Kraft and Procesi’s results in Theorem |l.l| hold up to algebraic isomorphism (rather 
than smooth equivalence), but we defer the details to a later paper. 

We also calculate the symmetry action on So,e induced from A(e), as Slodowy did when O is 
the regular nilpotent orbit. This involves extending Slodowy’s result on the splitting of C(s) and 
introducing the notion of symmetry on a minimal singularity. Again, it is possible to carry out this 
program for the classical groups, but we also defer the details to a later paper. 

1.8.2. Symmetry of a minimal singularity. Let g be a simple, simply-laced Lie algebra with Dynkin 
diagram A. As in § 1.5.2| , let k c Aut(g) be a subgroup of diagram automorphisms lifting a subgroup 
K c Aut(A). We call a pair k), consisting of Omm with the action of k, a symmetry of a minimal 
singularity. We write these pairs as of, df(k > 4), (ij+ (for the action of the full automorphism group), 
and ef. As in the surface cases, |a:| = 3 in D 4 does not arise. 


1.8.3. Intrinsic symmetry action on a slice: general case. In § |6.1| it is shown that the splitting of C{s) 
that Slodowy observed for the subregular orbit holds in general, with four exceptions. More precisely, 
there exists a subgroup H c C(s) such that C(s) = C(s)° xi H. So in particular H = C(s)/C{s)° = A{e). 
The choice of splitting is in general no longer unique up to conjugacy in C(s), but if we choose H to 
represent diagram automorphisms of the semisimple part of c(b), then the image of H in Aut(c(s)) is 
unique up to conjugacy in Aut(c(s)). The four exceptions to the splitting of C{b) have |A(e)| = 2 , but 
the best possible result is that there exists H c C(s), cyclic of order 4, with C(s) = C(s)° ■ H |3om98, 
§3.4]. 


Next, imitating §1.5.2, we describe the action of H on So,e. The four cases where C(s) does not 


split give rise to the symmetries which include Af and Af (§1.4.2). Three of these four cases (when 
O' has type A 4 + Ai in Ej and Es or type Ee{ai) + Ai in Es) are well-known: under the Springer 
correspondence, their Weyl group representations lead to unexpected phenomena (see, for example, 
[Car93, pg. 373]). The phenomena observed here for these three orbits is directly related to the fact 
that A(e) = 62 acts without fixed points on the irreducible components of the Springer fiber over e. 
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It is not clear why the fourth orbit (of type - 07 ( 02 ) in Eg) appears in the same company as these 
three orbits. 


1.8.4. Additional singularities. In the Lie algebras of exceptional type, there are six varieties, aris¬ 
ing as components of slice singularities, which are neither simple surface singularities nor minimal 
singularities. The ten cases in type Eg where we know the singularity only up to normalization 
would give further examples if they turned out to be non-normal. 

Non-normal cases. 


The variety m. Let V{i) denote the irreducible representation of highest weight i e Z>o of SL 2 (C). 
Consider the linear representation of SLafC) on V = 1/(2) ®y (3). Let V 2 G V(2) and ^3 G V{3) be highest 
weight vectors for a Borel subgroup of SL 2 (C). The variety m is defined to be the closure in V of 
the SL 2 (C)-orbit through v = V 2 + vg, a two-dimensional variety with an isolated singularity at zero. 
It is not normal, but has smooth normalization, equal to the affine plane A^. This is an example 



The varie ty m’. This is a four-dimensional analogue of m, with SL 2 (C) replaced by Sp 4 (C). It is an 
S-variety | VP72 with respect to the Sp 4 (C)-representation on U = y( 2 a;i) ® y(3(vi) where V{uji) is the 
defining 4-dimensional representation of Sp 4 (C), so that V{ 2 wi) is the adjoint representation. Let 
1)2 G V{ 2 uii) and 1)3 G y( 3 a)i) be highest weight vectors for a Borel subgroup of Sp 4 (C). The variety m' 
is defined to be the closure in V of the Sp 4 (C)-orbit through v = vg+vg, a four-dimensional variety 
with an is olated singularity at zero. It is not normal, but has smooth normalization, equal to 
(see § 3.2.1 ). The singularity m' occurs exactly once, for the minimal degeneration (A 3 + 2 A 1 , 2 A 2 + 2 A 1 ) 
in Eg. 


The variety /i. The coordinate ring of the simple surface singularity T 3 is .R = C[si,s^,P], as a 
hypersurface in C^. We dehne the variety by = SpecR' where R' = C[(si)^,(si)3,s^,P,s®i,st=]. This 
variety is non-normal and its normalization is isomorphic to Ag via the inclusion of R' in R. Using 
the methods of §^, the normalization of So,e for {DT{ai), Eg{bg)) in Eg is shown to be isomorphic to 
Ag with an order two symmetry arising from A{e). In | FJLSb|] we will show that So,e is smoothly 
equivalent to u- The closure of O was known to be non-normal, but our result establishes that it is 
non-normal in codimension two. 


Normal cases. These three singularities are each of dimension four and normal. 


The degeneration { 2 A 2 + Ai, A 2 + 2 Ai) in Eg. Let C = and let r be the cyclic subgroup of Sp 4 (C) 
of order three generated by the diagonal matrix with eigenvalues C, C, C“L Then C^/r has an 
isolated singularity at 0 , and we denote this variety by t . We show in §12.2 that So,e is smoothly 
equivalent to t for the minimal degeneration ( 2 A 2 + Ai, A 2 + 2Ai) in Eg. 

The degeneration (A 4 +Ai,A 3 + A 2 +Ai) in E 7 . Let 62 be the cyclic group of order two acting on 513 (C) 
via an outer involution. All such involutions are conjugate in Aut( 5 [ 3 (C)). The quotient 02/62 has 
an isolated singularity at 0 since there are no minimal nilpotent elements in sl 3 (C) which are fixed 
by an outer involution. We will prove in [ FJLSb that So,e is smoothly equivalent to 02/62 for the 
minimal degeneration (A4 + Ai, A3 + A2 + Ai) in Ej. 


The degeneration (A 4 + A 3 ,A 4 + A 2 + Ai) in Eg. Let A be a dihedral group of order 10, acting on 
C* via the sum of the reflection representation and its dual. Then it turns out that the blow-up 
of C*/A at its singular locus has an isolated singularity at a point lying over 0 . We denote this 
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blow-up by x- We show in j jl2.3| that So,a is smoothly equivalent to x for the minimal degeneration 
(A 4 + A 3 , A 4 + A 2 + Ai) in i?s. ^ 

1.8.5. Statement of the main theorem. In our main theorem we classify the generic singularities of 
nilpotent orbit closures in a simple Lie algebra of exceptional type. The graphs at the end of the 
paper list the precise results. 

Theorem 1.2. Let O' be a minimal degeneration of O in a simple Lie algebra of exceptional type. 
Let e e O'. Taking into consideration the intrinsic symmetry of A(e), we have 

(a) If the codimension of O' in O is two, then, with one exception, So,e is isomorphic either to 
a simple surface singularity of type A — G or to one of the following 

A+, A+, 2Ai, 3Ai, 3 C 2 , 3 C 3 , 3 C 5 , 4 G 2 , 5 G 2 , IOG 2 , or m, 

up to normalization for ten cases in Eg . Here, kX„ denotes k copies of meeting pairwise 
transversally at the common singular point. In the one remaining case, the singularity is 
smoothly equivalent to p. 

(b) If the codimension is greater than two, then, with three exceptions, So,e is isomorphic either 
to a minimal singularity of type a — g or to one of the following types: 

a2 ,af ,af ,af ,2a2,df'^ ,ef ,2g2, or m', 

where the branched cases 2a2 and 2g2 denote two minimal singularities meeting transversally 
at the common singular point. The singularities for the three remaining cases are smoothly 
equivalent to r, 02 / 62 , and x, respectively. 


In the statement of the theorem, we have recorded the indu ced symmetry of A(e) relative to the 
stabilizer in A(e) of an irreducible component of So,e. See jj |6.2| for a complete statement of the 
intrinsic symmetry action. 

1.8.6. Brief description of methods. The methods in M are relevant for cases when So,a has a dense 


G( 5 )-orbit and are motivated by arguments in |KP81|. For the higher codimension minimal degen¬ 
erations (except the three which are normal of codimension four) and the codimension two minimal 
degenerations where the singularity is fcAi or m, we show that So, a has a dense G(s)-orbit. This allows 
us to show that the irreducible components of So, a are S-varieties for C{s)° (which are permuted 
transitively by G(s)), and we determine their isomorphism type. Proposition contains precise 
information about the connection between C{s) and So, a in these cases. 

The methods in are applicable to the surface cases. The idea is to use the fact that the 
normalization of a transverse slice is a simple surface singularity and then obtain a minimal resolution 
of the singularity by restricting the Q-factorial terminalizations of the nilpotent orbit closure to the 
transverse slice. Then we can apply a formula of Borho-MacPherson to compute the number of 
projective lines in the exceptional fiber and the action of A(e) on the projective lines. Proposition 
3.1 summarizes the surface cases. 


These two methods, as summarized in Propositions 3.1 and 3.3, are sufficient to handle all the 
cases in the main theorem except when p, x, r, or 02/62 occur. The two cases where x or r occur 
are dealt with separately in The two cases where p or 02/62 occur are deferred to subsequent 
papers. 

The determination of the symmetry action is given in ^ and the calculations supporting Propo¬ 
sitions and |3^ are given in §^, §|[ §^, 


1.9. Some consequences. 


^In private communication with the authors, Bellamy has pointed out that it can be deduced from his work |Bell4| 
that the symplectic quotient of by a dihedral group of order 4n + 2 ha s a unique Q-factorial terminalization. Since 
(9 is a rigid orbit, the singularity x ^^^o Q-factorial terminal (see Hence x t>e identified with the unique 

Q-factorial terminalization of C'^/A. 
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1.9.1. Isolated symplectic singularities coming from nilpotent orbits. Examples of isolated symplectic 
singularities include Omin and quotient singula rities C ^"/r, where r c Sp2„(C) is a finite subgroup 
acting freely on \ { 0 }. It was established in | BeaOC| that an isolated symplectic singularity with 
smooth projective tangent cone is locally analytically isomorphic to some Omin- It turns out that all 
of the isolated symplectic singularities we obtain, with one exception, are hnite quotients of Omin or 
C^". It seems very likely that the singularity x described above is not equivalent to a singularity of 
this form. 

Another byproduct is the discovery of examples of symplectic contractions to an affine variety 
whose generic positive-dimensional fiber is of type A 2 and with a non-trivial monodromy action. 
These examples correspond to minimal degenerations with singularity Af. The orbits O in these 
cases have closures which admit a generalized Springer resolution. Examples include the even orbits 
Ai + A 2 in Ej and Es{be) in Eg. In |Wie03|, a symplectic contraction to a projective variety of the 
same type is constructed. As far as we know, our e xample s are the first affine examples that have 
been constructed. This disproves Conjecture 4.2 in [ AW14|. 


1.9.2. Special pieces. Eor a special nilpotent orbit O, the special piece ViO) containing O is the union 
of all nilpotent orbits O' cO which are not contained in Oi for any special nilpotent orbit C>i with 
Oi cO and Oi 7 ^ O. This is a locally-closed subvariety of O and it is rationally smooth (see | Lus97 
and the references therein). To explain rational smoothness geometrically, Lusztig conjectured in 
[Lus97| that every special piece is a finite quotient of a smooth variety. This conjecture is known 
for classical types by | KP89| , but for exceptional types it is still open. 

Each special piece contains a unique minimal orbit under the closure ordering. Motivated by the 
aforementioned conjecture of Lusztig, we studied the transverse slice of P{0) to this minimal orbit. 


We shall prove in [FJLSt] the following: 


Theorem 1.3. Consider a special piece ViO) in any simple Lie algebra. Then a nilpotent Slodowy 
slice in ViO) to the minimal orbit in VIO) is isomorphic to 

(f)n ffi i):)Ve„+i 

where ()„ is the n-dimensional reflection representation of the symmetric group 6„+i and k and n are 
uniquely determined integers. 

This theorem also includes the Lie algebras of classical types where n = 1 , but k can be arbitrarily 
large. In the exceptional types Theorem 1.2 covers the cases where ViO) consists of two orbits, in 
which case n = k = 1 (that is, the slice is isomorphic to the Ai simple surface singularity). This 
leaves only those special pieces containing more than two orbits. Some of these remaining cases can 
be handled quickly with the same techniques, but others require more difficult calculations. 


1.9.3. Normality of nilpotent orbit closures. By work of Kraft and Procesi |KP82|, together with the 
remaining cases covered in [Som05|, in classical Lie algebras the failure of O to be normal is explained 
by branching for a minimal degeneration, and then only with two branches and in codimension two. 
In exceptional Lie algebras, the question of which nilpotent orbit closures are normal has not been 
completely solved in Ej or Es, but in | Bro98a Section 7.8] a list of non-normal nilpotent orbit 
closures is given, which is expected to be the complete list. 

Our analysis sheds some new light on the normality question. The occurrence of m, m', and p at 
a minimal degeneration of O gives a new geometric explanation for why O is not normal. Previously 
the only geometric explanation for the failure of normality was branching (see |BS84|) and the 
appearance of the non-normal singularity in the closure of the Ai orbit in G 2 , which was known to 
be unibranch (see [ Kra89| ). 

We also establish: (1) for many O known to be non-normal that O is normal at points in some 
minimal degeneration; and (2) for many O that are expected to be normal that O is indeed normal at 
points in all of its minimal degenerations. So we are able to make a contribution to determining the 
non-normal locus of O. Examples of the above phenomena are given starting in §7.2. Along these 
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same lines, we also note that a consequence of Theorem | 
question studied by Achar and Sage in [ASOQj. 


is that the special pieces are normal, a 


1.9.4. Duality. An intriguing result from |KP81 for g = 3[„(C) is the following: a simple surface 


singularity of type Ak is always interchanged with a minimal singularity of type at under the order- 
reversing involution on the set of nilpotent orbits in g given by transposition of partitions. 

This result leads to a generalization in the other Lie algebras, both classical and exceptional, by 
restricting to the set of special nilpotent orbits, which are reversed under the Lusztig-Spaltenstein 
involution. For a minimal degeneration of one special orbit to another, in most cases a simple 
surface singularity is interchanged with a singularity corresponding to the closure of the minimal 
special nilpotent orbit of dual type. There are a number of complicating factors outside of sln(C), 
related to Lusztig’s canonical quotient and the existence of multiple branches. The duality can also 
be formulated as one from special orbits in g to those in ^g, the more natural setting for Lusztig- 
Spaltenstein duality. 

Numer ical ev idence for such a duality was discovered by Lusztig in the classical groups using the 
tab les in | KP82[ . The duality is already hinted at by Slodowy’s result fo r the re gular nilpotent orbit 
in §1.5.2, which requires passing from g to ^g. In a subsequent article |FJLSa we will give a more 
complete account of the phenomenon of duality for degenerations between special orbits. 


1.10. Notation. G will be a connected, simple algebraic group of adjoint type over the complex 
numbers C with Lie algebra g, and O and O' will be nilpotent AdG-orbits in g. We use the notation in 
, p. 401-407] to refer to nilpotent orbits. For x e g, Ox refers to the orbit AdG(3;), also written 
G • X. For X e G or g we denote by G* (resp. g^') the centralizer of x in G (resp. g). Similar notation 
applies to other algebraic groups which arise, including as subgroups of G. For a subalgebra 3 c g, 
we denote by G( 3 ) its centralizer in G and c( 3 ) its centralizer in g. 

Generally, e is a nilpotent element in an 3(2(C)-subalgebra s with standard basis e, h, f. If eo g c(s) is 
a nilpotent element, we use so for an BtlCj-subalgebra in c(3) with standard basis eo, ho, fo- Usually O' 
is a nilpotent orbit in O with O' O and e e O'. We write (0,0') for such a pair of nilpotent orbits. 
Often, but not always. O' is a minimal degeneration of O. The nilpotent Slodowy slice On (e + g^) 
is denoted So,e. 

The field of fractions of an integral domain A will be denoted Frac(A). The symmetric group on 
n letters is denoted 6„. Where we refer to explicit elements of g, we use the structure constants in 


[Car93 


GAP |GAP15 |. 
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2. Transverse slices 


2.1. Smooth equivalence. To study singularities it is useful to introduce the notion of smooth 
equivalence. Given two varieties X and Y and two points x g X and y G Y, the singularity of X at 
X is smoothly equivalent to the singularity of V at 1 / if there exists a variety Z, a point z g Z and 
morphisms 

ip ■. Z ^ X and ‘4) ■. Z ^Y 


which are smooth at z and such that ip{z) = x and tpiz) = y (see [Hes76, 1.7]). This defines an 


equivalence relation on pointed varieties (X, x) and the equivalence class of {X, x) will be denoted 
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Sing(A:,x). As in | KP81 , §2.1], two singularities {X,x) and {Y,y) with dimY = dimJV + r are equivalent 
if and only if (X x A'’, (x,0)) is locally analytically isomorphic to iY,y). 

Let O' and O be nilpotent orbits in g with O' c O. Let e e O'. The local geometry of O at e is 
captured by the equivalence class of (O, e) under smooth equivalence. The equivalence class of the 
singularity (O, e) will be denoted Sing(Ct, O') since the equivalence class is independent of the choice 
of element in O' = Oe. 


2.2. Transverse slices. The main tool in studying Sing(C>,0') is the transverse slice. Both [sloSO 


III.5.1] and ]KP82, §12] are references for what follows. 

Let X be a variety on which G acts, and let x e X. A transverse slice in X to G ■ x at a; is a locally 
closed subvariety 5 of X with x e S such that the morphism 


G X S ^ X,{g,s)^ g ■ s 

is smooth at (l,x) and such that the dimension of S is minimal subject to these requirements. It 
is immediate that Sing(X, x) = Sing(S,x). If X is a vector space then it is easy to construct such a 
transverse slice as x + u where u is a vector space complement to T^{G-x) = [g,x] in X. More generally, 
this also suffices to construc t a tra nsverse slice to a G-stable subvariety Y c X containing x by taking 
the intersection (x + u) n Y (| Slo 8 C , IIL5.1, Lemma 2]). In such a case codim-KlG • x) = dimj,((x + u) n Y). 

These observations are especially helpful for nilpotent orbits in the adjoint representation, where 
there is a natural choice of transverse slice. As before, pick e e O'. Then there exists h, / g g so that 


{e,h,f} c g is an sla-triple. Then by the representation theory of aLfC), we have [e,g] i 
affine space 

5e = e + g-f 

is a transverse slice of g at e, called the Slodowy slice. The variety 


g^ = 0- 


The 


Sa.e := Se r\ O 


is then a transverse slice of O to O' at the point e, which we call a nilpotent Slodowy slice. In this 
setting 

(2.1) codim^(O') = dim<Se),e. 

Since any two s( 2 -triples for e are conjugate by an element of G", the isomorphism type of So,e is 
independent of the choice of sl 2 -triple. Moreover, the isomorphism type of So,e is independent of the 
choice of e G O'. By focusing on So,e we reduce the study of Sing(0, O') to the study of the singularity 
of 5o,e at e. In fact, most of our results will be concerned with determining the isomorphism type 
of So,e. 


2.3. Group actions on So,e- An important feature of the transverse slice So,e is that it carries 
the action of two commuting algebraic groups, which both fix e. Let s be the subalgebra spanned 
by {e, h, /} and G{s) the centralizer of b in G. Then C{s) is a maximal reductive subgroup of G‘ and 
G(s) acts on So,e, fixing e. 

The second group which acts is C*. Since [h,f] = -2/, ad ft preserves the subspace g^ and by 
s[ 2 -theory all of its eigenvalues are nonpositive integers. Set 

9 ^ (i) = {x G g^ : [ft, x] = ix} 

for j < 0. The special case g-^(0) is simply c(s), the centralizer of s in g, which coincides with Lie(C(s)). 

Define 0 : SL 2 (C) ->■ G such that the image of drj) is equal to s, with = e and di/) (), ) = ft. 

Set 7(i) = 0 °) for t G C*. On the one hand. Ad7(1) preserves O and so does the scalar action of 

C* on g since O is conical in g. On the other hand, for Xi g g^ (-i) and i g C*, 

Ad7(I)(e + xo + ... + Xm) = t~^e + xq + txi + ... + t^Xm. 

Composing this action with the scalar action of on g, gives an action of t g C* on e + g-'" by 

(2.2) t ■ (e Xq Xi = e Xq + Cxi + . . . , 
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which preserves So,a = OnSa- The C*-action fixes e and commutes with the action of C{s), since C{s) 
commutes with ndh and so preserves each g-^ (i). Thus C(s) x C* acts on So,a- 

2.4. Branching and component group action. The C(b) x C*-action on So,a has consequences 
for the irreducible components of So,a- 

An irreducible variety X is unibranch at x if the normalization n ■. (X,x) —>■ (X,x) of (X,x) is locally 
a homeomorphism at x. Since the C*-action on So,a in (^.2[) is attracting to e, So,a is connected and 
its irreducible components are unibranch at e. Consequently the number of irreducible components 
of So,a is equal to the numb e r of br anches of O at e. The l atter can be determined from the tables 
of Green functions in [ BS84 ^ho80 , as discussed in [ BS84 , 5(E)-(F)]. 

The identity component C(b)° of C(s), being connected, preserves each irreducible component 
of So, a, hence there is a natural action of C(s)/C(s)° on the irreducible components of So, a. The 
hnite group C(s)/C(s)° is isomorphic to the component group A(e) := 0^/(0“)° of G‘ via C(s) ^ G‘ ^ 
G^/iG’Y. Since any two s[ 2 -triples containing e are conjugate by an element of (G'=)°, this gives a 
well-dehned action of A{e) on the set of irreducible components of So,a- Moreover, as noted in op. 
cit., the permutation representation of A(e) on the branches of O at e, and hence on the irreducible 
components of So,a, can be computed. For a minimal degeneration, the situation is particularly 
nice. We observe by looking at the tables in |BS84, 3ho80| that 


Proposition 2.1. When O' is a minimal degeneration of O in an exceptional Lie algebra, the 
action of A{e) on the set of irreducible components of So, a is transitive. In particular, the irreducible 
components of So, a are mutually isomorphic. 


The proposition also holds in the classical types, which can be deduced using the results in KP82 |. 
In §3.2 we will discuss the full symmetry action on So, a induced from A{e). 


3. Statement of the key propositions 


In this section we state the key propositions which underlie Theorem 1.2. The propositions give 
more precise information about So, a- Throughout this section O' is always a minimal degeneration 
of O. 


3.1. Surface cases. The case of a minimal degeneration of codimension two is summarized by the 
following proposition. 

Proposition 3.1. Let O' be a minimal degeneration of O of codimension 2. Then there exists a 
finite subgroup r c SL2{C) such that the normalization So,a of So,a is isomorphic to a disjoint union 
of k copies of X where X = C^/r. 

This is p rov ed in §|| where techniques for determining r and k are given. For most cases in 
Proposition ^ we can show that t he i rreducible components of So,a are normal either by knowing 
that O is normal, by using Lemma 4T to move to a smaller sub alge bra where the slice is known to 
be normal, or by doing an explicit computation using Lemma O, In the surface case, we found 
only two ways that an irreducible component of So,a fails to be normal: 

• When r = 1 , we show below that So,a — rn (§ 1.8.4 ). This happens for several different 
minimal degenerations. 

• When {0,0') = {DT{ai),Es{ bs)), w e have r ^ Z/4, but So,a is not normal. Instead, So,a is 
smoothly equivalent to p (§1.8.4). 


A handful of cases in Es are determined only up to normalization (see §10.2). 


Remark 3.2. The isomorphism in Proposition 3.1 is compatible with the natural C*-actions on both 
sides. On So, a the C*-action is the one induced from §2.3; on C^/r it is the one coming from the 


central torus in GL 2 (C). This follows from Proposition 5.2 
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3.2. Cases with a dense C(s)-orbit. Next we consider all the cases of codimension 4 or greater 
other than the three normal cases in § 1.8.4 . Together with the surface cases where |r| = 1 or 2, 
these So.e have a dense orbit for the action of C{s). More is true, their irreducible components are 
examples of S-varieties [ VP72 [. 

3.2.1. S-varieties. Let {Ai,... A^} be a set of dominant weights for a maximal torus in a fixed Borel 
subgroup of C(b)°. It will also be convenient to view the Ads as weights for the Lie algebra of 
this maximal torus. Let L(Ai) be the irreducible representation of C{s)° of highest weight A, and 
Vi £ V"(Ai) a non-zero highest weight vector. Then the S-variety A:(Ai,...Ar) is defined to be the 
closure in V := LlAi)® ■ ■ ■ffiy(Ar) of the C(s)°-orbit through v := {vi,.. .,Vr). In | VP72] it is shown that 
S-varieties are exactly the varieties which carry a dense C(s)°-orbit and every point in this dense 
orbit has stabilizer containing a maximal unipotent subgroup of C{s)°. 

In all the situations encountered in this paper, we find Ai = biX for each i, where bi e N and A 
is a fixed dominant weight. In such cases Theorems 6 (and its Corollary), 8 and 10 from [ \7P72 
reduce to the following, respectively: (1) the complement of C{s)° ■ n in X is the origin in V; (2) 
the determining invariant of the C(b)° -isomorphism type of X := X(feiA,..., brA) is the monoid in N 
generated by bi,..., b^; and (3) the normalization of X is X{dX), where d is the greatest common divisor 
of bi,..., 6 ,.. More is true in (2): if bi,..., bj generate the same monoid as bi,..., b^ for j < r, then the 
natural projection from X to X(biA,..., bjA) is an isomorphism. We will assume that bi < 62 < • • ■ < br. 
If V factors through Z c C(s)° with Lie algebra sl 2 (C), then we sometimes write X(bi, 62 ,...) instead 
of X(biA, b 2 A,...) where A is the fundamental weight for sblC). 


3.2.2. Let TTo : So,e c(s) be the restriction of the C(s) x C*-equivariant linear projection of Se 
onto c(s) = g-^ ( 0 ). Let tto.i : So,e g^ ( 0 ) © gf (- 1 ) be the restriction of the C(s) x C*-equivariant linear 
projection of Se onto g^( 0 ) ® g^(- 1 ). Recall v e c(s) belongs to a minimal nilpotent C(s)°-orbit if and 
only if w is a highest weight vector (relative to a Borel subgroup of C(s)) in a simple summand of 


c(s). The proof of the next proposition is given in §4.5 


Proposition 3.3. Let O' be a m inimal degeneration of O of codimension at least four (other than 
the three normal cases in %1.8.4) or of codimension two with |r| = 1 or 2. 

Then there exists J = {ii,... ,L} c f'i so that for each i £ J there exists a highest weight vector 
Xi £ g^(-i) for the action of C{s)°, and there exists xo £ c(s) minimal nilpotent, such that 


• e +Xo +J2i^j Xi £ So.e, 

• if the weight of xo is given by A, then the weight of Xi equals (i + 1)A, 

• one of the irreducible components of So,e. is e + X, where X is the corresponding S-variety 

X := X (a, (^ + 1)A, (f+ 1)A, ..., (f+ 1 )a) C g^ 
for C{s)°, through the vector v ■.= xo + Jfi^j Xi, 

• the irreducible components ofSo.B are permuted transitively by C{s), whence So,b = C{s) ■ (e + v). 

Moreover, there are two cases: 

(1) All i £ J are even. Then wo induces an isomorphism of each irreducible component of So,e 
with X(A). Furthermore, X(A) is a minimal singularity, being isomorphic to the closure of 
the C(s)°-orbit through the minimal nilpotent element xo £V{X) c c(s). Hence each component 
is a normal variety. 

(2) We have 1 £ J. This case occurs only if c( 3 ) contains a simple factor 3 of type 3 ( 2 (C) or 3 p 4 (C) 
and 3 = y(A). Note that X = 2w where Viuj) is the defining representation of i. Then 7 ro,i 
gives an isomorphism So,e = X(A, |A) = X( 2 lv, 3ui). In the 3 = sl 2 (C) case, So,e = m and in the 
3 = 3 p 4 (C) case, So,e = m'. In both cases So,e is irreducible and non-normal. 


Remark 3.4. In case (I) of Proposition 3.3, when the codimension is at least four, we find that J = 0 
except for the two minimal degenerations ending in the orbit DAui) + A 2 in Eg, where J = {2} (see 
§10.1.2). On the other hand, when the codimension is two in case (1), then So,e = kA^. If fc > 1 , then 
always J = 0. If fc = 1 , then J can be either 0, { 2 }, or { 2 ,4}. 
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In case (2) of Proposition |3.3| , the possibilities for J that arise are {!},{!, 2}, or {1,2,3}; however, 
the singularity m' only occurs for (As + 2Ai, 2 A 2 + 2Ai) in Eg, where J = {1}. 

Remark 3.5. From the previous remark, we see that So,e is not irreducible only when J = 0. In that 
case, each irreducible component of So,e corresponds to the minimal orbit closure in a unique simple 
summand of c(s). The direct sum of these summands is an irreducible representation for C(s) and 
the summands are permuted transitively by C{s)/C(s)° as expected from Proposition 
non-irreducible example covered by the Proposition is (C 3 (ai),E 2 ), see Table ^ 


2.1 


The first 


Remark 3.6. In each case of Proposition 3.3, the map tto is surjective onto the closure of a minimal 
nilpotent C(s)-orbit in [(a) (namely, the one through xo). It is not true, however, that every such 
minimal nilpotent orbit will arise in this way. For example, when e e O' = 3Ai in Eg, the centralizer 
c(s) has type A 2 + Ai. If eo belongs to the minimal orbit in the summand of type A 2 and e'g belongs 
to the minimal orbit in the summand of type Ai, then O' c Oe+e' c Oe+e„ and O' is a minimal 
degeneration of O^+e' and of no other orbit. So the minimal orbit in the A 2 summand is not in the 
image of no for any minimal degeneration ending in O'. 


4. Tools for establishing Proposition R.3 


In this section we give some tools for identifying So.e, which can often be applied even when the 
degeneration is not minimal. Therefore w e do not in general assum e d egenerations are minimal in 
this section. At the end of the section in §0, we prove Proposition We keep the notation that 
O and O' are nilpotent G-orbits in g with O' cO and e e O' . Unless specified otherwise. O' is not 
assumed to be a minimal degeneration of O. 


4.1. Some reduction lemmas. The first two lemmas give frame works t o relate So,a to a variety 
attached to a proper subalgebra of g. Both lemmas are variants of KP82| , Cor 13.3]. 


4.1.1. Passing to a reductive subalgebra. Let M c G be a closed reductive subgroup and m = Lie(M). 
Assume that e g m n O'. Let x e m n O and suppose that M • e c M ■ x. Since m is reductive, we 
may assume the sb-subalgebra s containing e lies in m. Let 5 m-x,c be the nilpotent Slodowy slice 
M ■ X n (e + m^) in m. Of course, Su x.e c So,b. 


Lemma 4.1. Suppose that codim-jy:^(Al ■ e) = codim-g-(O') and Sm x.b is eguidimensional. Then Sm-x.b 
is a union of irreducible components of So, b. Moreover if O is unibranch at e or if the number of 
branches ofO at e eguals the number of branches of M ■ x at e, then SM.x,e = So,b. 


Proof. The first conclusion follows from and the fact that Sm x.b c So, e, together with the hy¬ 
potheses of the lemma. The secon d co nclusion follows from the fact that the irreducible components 
of So,B and Sm.x,b are unibranch (§^). □ 


Example 4.2. Let g be of type Eg, m a Levi subalgebra of g of type Eg, and (O, O') of type (Eg, Egfag)). 
Since Onm is known to be normal in Eg, we are able to conclude (see § ^ ) that Sm.x,b is geometrically 
a simple surface singularity of type D 4 . Since O is unibranch at e and the codimension hypothesis 
of the lemma holds (both sides equal two), it follows that So,b = Sm x,b and so So,b has the same 
singularity. Here, O is conjectured to be normal, but this is still an open question. 


Lemma O is needed for the cases in Table |I^ but we also use it to check results that can be 
obtained by other methods. 


4.1.2. The case of a C(s)-orbit of maximal possible dimension. Every x e So,b can be written as 
(4.1) X = e + Xo + E Xi 

i>0 

with Xi e g-^f-i)- Set 

xj^ ='^^Xi and X = C(s)-x+. 

i>0 
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Since C(s) fixes e, we have C(s) ■ x = e + C(s) ■ x+ and thus C{s) ■ x = e + X. Also, e + X ^ X as C{s)- 
varieties. By construction X is equidimensional, with irreducible components permuted transitively 
by C{s)/C{s)°. Of course C{s) ■ x c So,e- Hence the same argument as in the previous lemma gives 

Lemma 4.3. Let x g So,e be written as in Q- Suppose that dim(C(s) -x) = codim-^fC’')- Then e + X 
is a union of irreducible components of So, e- Moreover, if the number of branches ofO at e equals 
the number of irreducible components of X, then e + X = So,e. 

The previous lemma allows us to study So.e by studying C(s) • x+, which is often easier to under¬ 
stand. Of course any x g So,e satisfying the dimension hypothesis in the lemma must lie in So,e nO. 
Furthermore we have 


Lemma 4.4. Let x g So,s be written as in ( [4.1D . Then dim(C(s) • x) = codim^fO') if and only if 
(4.2) xo is nilpotent and dim(C(s) ■ xo) = codim-o(O'). 

Proof. We always have dim(C(s) ■ xo) < dim(C(s) ■ x) < dim .So,e = codimo(C)'), SO the reverse direction is 
straightforward and does not use the hypothesis that xo is nilpotent. 

For the forward direction, we are given that dim(C(s) ■ x) = dim5o,e. Consider the C*-action (§2.3) 
on <So,e. We have C{s) ■ x c (C(s) x C*) ■ x c So,b and all have the same dimension, so C(s) ■ x is dense 
in {C(s) X C*) ■ X. Therefore for A g C*, we have A ■ (C(s) ■ x) meets C(s) ■ x, from which it follows that 
X ■ X e C(s) ■ X. So in fact C* preserves C(s) ■ x. But if C* ■ x c C{s) ■ x, then C* ■ xq c C(s) ■ xo. The 
C*-action o n cfa) is contracting, hence 0 g C(s) • xq, and xq must be nilpotent in c(3). 

Next by GG02| , Corollary 7.2], So,e n C> is a symplectic subvariety of O, so the symplectic form 
on r,,( 0 ) remains non-degenerate on restriction to T„(So,enO). As usual, we identify r,„( 0 ) with [x,g] 
and the symplectic form on Tj,(0) is then expressed as ([x,u], [x, u]) := k(x, for u,v e g, where k is 
the Killing form on g. But since C(s) ■ x has dimension equal to So,b n O, we can identify T^, [So,e n O) 
with [x,c(s)]. 

Now suppose u G cfs) satisfies [xo,ti] = 0 . Then for any v g c(s), we have 

([x, n], [x, i;]) = fc(x, [u, n]) = k(xo, [u, d]) 

since [n,i;] g [(b) = g^ ( 0 ) pairs nontrivially only with elements in the 0 -eigenspace of a.dh. But then 
([x, u], [x,x]> = k(xo, ft, I'D = k{[xo,u],v) = 0 . Hence [x,u] is in the kernel of the symplectic form and thus 
[x,u] = 0 by non-degeneracy of the form. This shows that c(3)*o c eft)'*, which forces dim(Cft) ■ x) = 
dim(Cft) - Xo), as desired. □ 


The case where x, = 0 for all i > 1 in (O), and (^) holds, is particularly common and is 
also easier to handle. In that case, x = e -i- xq is a sum of two commuting nilpotent elements and 
X = C{s) ■ Xo is the closure of a nilpotent orbit in eft), which is a union of irreducible components 
of So,e. We discuss this case in detail in §4.3. We next prove a lemma useful for when some Xi is 
nonzero with * > 1 . 


4.1.3. Assume x g <So,e n C>, written as in (|4.l[), satisfi es (|4.2D . 

(|4.l|). Since xq is nilpotent, we can find an 


,, The next lemma uses the C*-action 

on So,B to say more about the Xj’s which appear in (| 

s( 2 -subalgebra in eft) containing xo, with standard semisimple basis element /ixf,. 

Lemma 4.5. Let x e O be written as in ( 0 ) so that ([4.2| ) holds. Then the following are true. 

( 1 ) [xo,Xi] = 0 /or i > 0 . 

( 2 ) [h,co , r;i\ = {i + 2)xi for i > 0. 

(3) If Xq lies in a minimal nilpotent C{s)°-orbit o/eft), then each nonzero x, is a highest weight 
vector for a Borel subgroup B of C{s)°. In particular, X is a union of S-varieties. If xq has 
weight A relative to a maximal torus of B, then xt has weight (i -i- l)A. 


Proof. (1) By Lemma 4.4 we know that dim(Cft)'Xo) = dim(Cft)'x), which is equivalent to cft)'*o = eft)'*, 
which is equivalent to cft)'*o c cft)*< for i > 0 . Since xo commutes with itself, we get [xo,Xi] = 0 for 
i > 0. 
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(2) From the proof of Lemma the dimension condition in (O) implies that the C*-action on 
<So,e preserves C(b) ■ x. Let C := C(s) x C*. The equality dim(C(s) • xo) = dim(C(3) • x) therefore implies 
dim(C ■ Xo) = dim(C ■ a;), which means we have the inclusion of identity components of centralizers 


(4.3) 


(C^oy c (c*i)° for all i. 


Now write x(t) for the element (l,t) e C(s) x C*. Let </>:€*->■ C(s) x C* be the cocharacter coming 
from Of course c C{s) commutes with x(C*). Consider now the action of the element 

x(t“0<A(i) on Xo for t e C*. We have <p{t).xo = t^xa since [/i^o,a;o] = 2 and xit)-^o = t°+^xo since xo e (0), 
so the one-dimensional torus \ t g C*} fixes xo and hence by (O), it also fixes each Xi. 

The result follows from 4i{t}.Xi = x(t)-^i = d+^a;i since Xi g g^(-i). Combining with part (1), we see 
that each nonzero Xi is a highest weight vector for the Borel subalgebra of 3*0 spanned by xq and 
ft-mo • 

(3) Since xo lies in a minimal nilpotent C(3)-orbit of c(3), the stabilizer of the line through xo is 
a parabolic subgroup P of C{s), containing d(C*). Let B be a Borel subgroup of P containing d(C*) 
and let T be a maximal torus in B with </>(C*) c T. Let U be the unipotent radical of B, which acts 
trivially on xo. Now xo is a root vector relative to T, so T®o is codimension one in T. Thus T is 
generated by T“o and so each element of B can be written as uto4>{t) for u e U, to e T^o, and 

I G C*. It follows that the connected subgroup {nio<A(t)x(t“^)} of C(s) x C* centralizes xo and hence 
centralizes each Xi by (4.3). Hence B (and indeed also P) preserves the line through Xi since x(C*) 
does; in other words, x, is a highest weight vector relative to {B,T). Moreover, the weight of Xi must 
equal rA, with r rational, since x, and xo are both acted upon trivially by T^o. On the one hand, 
4i{t).Xi = t'+^Xi from part (2), and on the other hand, 4>{t).Xi = {r\){4>(t))xi = (X{<j>{t)))^Xi = {P)'^Xi. We 
conclude that r = (| -I- 1 ). □ 


Another way to phrase part (2) of Lemma ^ is that x must be in the 2-eigenspace for ad(/i + /^p). 


This fact can be used to help locate an x written as in (4T) so that (4.2) holds, see Lemma 4.10 


Part (3) of Lemma 4.5 will be used in the proof of Proposition 3.3 in §4.5, since for each minimal 
degeneration covered by the proposition, it turns out that there exists x g So,e satisfying (4.2) with 
Xo in a minimal nilpotent orbit of c(3). 

4.1.4. When the degeneration is codimension two and c(3) has a simple summand isomorphic to 
stofC), the next lemma gives a criterion which guarantees that So.e has a dense C(3)-orbit, allowing 
us to apply the previous lemmas. 

Lemma 4.6. Let O' be a degeneration of O of codimension two (neeessarily minimal). Suppose 
C{s)° contains a simple faetor Z with Lie algebra 3 = 3 l 2 (C). Let Cfj) be the eentralizer of ^ in G, with 
Lie algebra cfj). 


(1) If Z acts non-trivially on So,e, then there exists x g So,e nO, written as in (4.1), satisfying 
(4.2) with Xo G 3 . 

(2) If X ^ [( 3 ), or if X £ c{i) but e ^ 0 ( 3 ) ■ x, then Z aets non-trivially on So.e- 

Proof. (1) Consider the decomposition of g^ under Z. Since the action of Z is non-trivial on So,e, 
there exists x = e - 1 - x+ g So,e and a non-trivial irreducible Z-submodule V of some g^ {-j) so that x+ 
has nonzero image xv under the C( 3 ) x C*-equivariant projection nv of g^ onto V. The equivariance of 
TTv ensures that the image TTv{So,e) is conical for the scalar action on V. Let Y be the projectivization 
of nviSo.e), which is in P(y). Since dim5o,e = 2 by hypothesis, we know dimy < 1. Now Y has a closed 
Z-orbit, necessarily irreducible. If Y contains a closed orbit which is a point, then Z preserves a line in 
V, contradicting that V is non-trivial irreducible. Thus, since dimy < 1, each irreducible component 
of y must be a one-dimensional (closed) Z-orbit. The stabilizer of any point in Y is therefore a 
proper parabolic subgroup in Z, namely a Borel subgroup B. Since then dim(Z ■ xv) = 2 = dimSo.e, 
we have also dim(Z ■ x) = dim<So,e. Then Lemma 4.4 ensures that x satisfies (4.2) with xq g c{s), when 
X is expressed as in Q- But then for dimension reasons the other connected simple factors of C{s) 
must preserve Z ■ xo, hence act trivially, which implies that xo G 3 . 
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(2) If Z acts trivially on 5o,e, then 5o,e c c( 3 ). Hence x e c( 3 ). 
the C*-action on So,^ preserves nilpotent C( 3 )-orbits. Hence e e 0 ( 3 ) 
assumption on the codimension of O' in o'). 


Since 5 c [(j), it follows that 
X. (This part did not use the 

□ 


Corollary 4.7. Let Z act non-trivially on So,e. Then there exist 6 , e N satisfying 2 < 62 < bs < ... 
so that each irreducible component of So,e is an S-variety for Z of the form X{2, 62 , bs,...). 

Consequently, the components of So,b are normal if and only if all the hi are even, in which case 
each component is isomorphic to the nilcone in 5 ( 2 (C). In the non-normal case, the normalization of 
an irreducible component is h?. 


Proof. By part (1) of the lemma, there exists x e So,e n O, when written as in (O), sat isfying (4.2) 
with xo e 3 . Hence xo must belong to the minimal nilpotent orbit in 3 . By Lemma O the Xi’s are 
highest weight vectors, of weight i + 2 , for a Borel subalgebra of 3 . Thus the irreducible component 

Z ■ X of So,e is an 5-variety for Z of the form X(2, 62 , ba,...) with 2 < < ba < _ But since the 

degeneration is minimal, C{s) acts transitively on the irreducible components of So,e by Proposition 


2.1 


and thus each irreducible component of So.e takes this same form. 

By§i . 2 .l| , X( 2 , b 2 , ba,...) is normal if and only if the bfs are all even, in which case it is isomorphic to 
X( 2 ), the nilcone in slalC), which is the Ti-singularity. Otherwise, its normalization is X(l) ^ A^. □ 


4.1.5. An example in C 3 . Let g = spglC). Nilpotent orbits in g can be parametrized by the Jordan 
partition for any element in the orbit, viewed as a 6 x 6 -matrix. Pick e e g with partition [ 2 ^]. Then 
c(b) = sl 2 (C). Set 3 = c(s). A nonzero nilpotent eo e 3 has type [3^] in g, so c( 3 ) = s and thus the only 
non-zero nilpotent G-orbit that meets c( 3 ) is the one through e. Consequently, part (2) of Lemma 
4.6 applies to any O of which O' = Oe is a degeneration of codimension two. Let 0[4,i2] and 0 ^ 32 ^ be 
the nilpotent orbits with given partition type. Then O' is a minimal degeneration of both orbits, 
in each case of codimension two. So in both cases Corollary 4.7 applies. Now G(s) acts on g.^ with 


g/( 0 ) = c(s) = V'(2) and g^ (-2) = y(4) ffi y(0). Also e-i- eo belongs to G[ 4 , 2 ] (see §|4.2D, so we can say that 
for both O = 0[4,i2] and O = 0 ^ 32 ^, each irreducible component of So,e is of t he form X(2,4) = X(2), 


which is the nilcone in sLlC). But since O is normal for both orbits O by |KP82|, it follows that 
So,e is irreducible. In particular the singularity of G at e is an Ai-singularity in both cases, as was 


already known from [ KP82 . 


4.2. Lo cat ing nilpotent elements in c(s). In order to make use of Lemma 4.4 or part (2) of 
Lemma 4.6, we will need to describe nilpotent elements in c(b) relative to the embedding of c(s) in g. 
We will also need to be able to start with nilpotent eo g c{s) and then compute the G-orbit to which 
e + eo belongs. 

First, if eo G c(s), then eo centralizes the semisimple element b g s. Hence eo G g**, which is a Levi 
subalgebra of g. Assume h lies in a chosen Cartan subalgebra (1 c g and is dominant for a chosen 
Borel subalgebra b c g containing fj. The type of the Levi subalgebra g'* can then be read off from 
the weighted Dynkin diagram for h: the Dynkin diagram for the semisimple part of g'* corresponds 
to the zeros of the diagram. Therefore in order to locate a nilpotent element in c(s), we first choose 
a nilpotent element eo G g'*; the G'*-orbits of such elements are known by Dynkin’s and Bala and 
Carter’s results [ Clar93 |. In particular we can compute the semisimple element bo G g'* n fj of an 
sl 2 -subalgebra Bo through eo in g'*. 

Next, we compute h-\- hg and see whether it corresponds to a nilpotent orbit in g: for if e and 
eo (or some conjugate of eo under G'*) commute, then h-\- hg will be the semisimple element in an 
s[ 2 -subalgebra through the nilpotent element e -1- eo. Together with knowledge of the Cartan-Killing 
type of the reductive Lie algebra c(b) c g'* (see |Car93|), this search usually suffices to locate the 
nilpotent orbit through eo in g for nilpotent elements eo G c(s) and the resulting nilpotent orbit 
through e-i-eo. In particular we carried out this approach for all the minimal nilpotent C(s)-orbits 
in c(b). Two special situations are worth mentioning. 
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4.2.1. One special situation is when eo is minimal in g, that is, of type Ai. Then the semisimple 
part of c(so) is the semisimple part of a Levi subalgebra of g, the one corresponding to the nodes in 
the Dynkin diagram which are not adjacent to the affine node in the extended Dynkin diagram. Of 
course e e cfso)- Consequently it is easy to locate all e which have eo G c(3) when eo is of type Ai in g. 

We will see in Corollary 4.9 that Lemma 4.3 always applies in this setting with a; = e+eo. Moreover 
the type of x in g is easy to determine: if we know the type of e in c(so), call it X, then x has generalized 
Bala-Carter type X + Ai. Then the usual type can be looked up in [3om98| or in Dynkin’s seminal 
paper [Dyn52|. 

For example, in Eg when eo is of type Ax, then c(3) is of Cartan-Killing type Ey. Any nilpotent 
element e in a Levi subalgebra of type E^ will have a conjugate of eo in c(b). If, for instance, e is a 
regular nilpotent element, then e + eo has generalized Bala-Carter type Et + Ax, which is the same 


as Eg^ag). 

There is another way to determine e-i-eo when eo is minimal in g. It has the advantage of locating 
the simple summand of c(s) in which eo lies. As above, assume h is dominant relative to fa. Since 
eo G g** has type Ax, the semisimple element fto G (i is equal to the coroot of a long root 9 for g'*. 
Therefore, a{ho) > -2 for any root of g and equality holds if and only a = —9. Now choose ho 
dominant in g** (relative to fa n g'*). Then a{ho) > -1 for all simple roots a of g since -9 is a negative 
root. Moreover a(ho) = -1 only if a is not a simple root for g**. In that case a{h) > 1 since the 
simple roots of g'* correspond to the zeros of the weighted Dynkin diagram for h. This shows that 
a{h -I- ho) > 0 for all simple roots o of g and thus h -i- ho yields the weighted Dynkin diagram for e + eo 
without having to conjugate by an element of the Weyl group. 

For example, let e belong to the orbit E-!{ag) in Eg, which has weighted Dynkin diagram 


2 0 10 10 2 
0 

Then g** has type 4Ai and c(s) is isomorphic to 312 (C) since c(3) has rank one (because e is distinguished 
in a Levi subalgebra of rank 7 ) and c(3) contains eo, a nonzero nilpotent element. We want to know 
in which summand of g** the element eo lies and what is e-i-eo. The diagram for ho relative to g, and 
dominant for g'*, is either: 


0000-12 


or 


or 


-12-10000 


or 


00-10000 


Only the second choice leads to a weighted Dynkin diagram for h + ho, namely for Djlax). Hence we 
know the type of e - 1 - eo and the embedding of 0(3) in g** . 


4.2.2. The other special situation occurs when 0 ( 3 ) has rank 1. Let ( be a minimal Levi subalgebra 
containing e. Then 1 has semisimple rank equal to the rank of g minus one. Assume that 1 is a 
standard Levi subalgebra. Let Oi be the simple root of g which is not a simple root of I. For nonzero 
eo G c(3), the corresponding ho centralizes 1 and hence lies in the one-dimensional subalgebra of tj 
spanned by the coweight u)' for ax. Since the values in any weighted Dynkin diagram are 0,1, or 2, 
if ho is dominant, then ho must be either or 2ii;7. 

For example, let e be of type A7 in Eg, which has weighted Dynkin diagram 1010110 . Then c(3) 
has type Ax and the weighted Dynkin diagram of a nonzero ho G 0(3) must either be 

0000000 0000000 

1 m 2 • 

Both of these are actual weighted Dynkin diagrams in Eg, the first is 4Ai and the second is D4,{ax)+A2. 
Only the orbit 4Ai meets g'‘ (which has semisimple type exactly 4Ai). Therefore a nonzero nilpotent 
element eo G 0(3) c g'* has type 4 Ai in g. 


4.3. The case where x, = 0 for i > 1 in ( |4.1[ ), and (4.2) holds. Once a nilpotent eo G 0(3) is 
located, as in the previous section, with corresponding semisimple element ho G 0(3), we can compute 
h + ho and check by hand whether the dimension condition 


( 4 . 4 ) 


dimC(s) • eo = codim-0(Oe) 
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holds for the orbit O through e + eo. If it does, then cert ainly x := e + eo satishes (O) wit h xp = eo 
and Xi = 0 for i > 1 , and the dimension condition in (4.2) just becomes (4.4). By Lemmas 4.3 and 
4.4, the union of some of the irreducible components of So,e is thus isomorphic to C{s) ■ eo. Next we 


give a condition for (4.4) to hold for the orbit O = Oe+eg and show that this condition is always true 
when eo belongs to the minimal orbit in g. 

As before, let so be an sL-subalgebra in c{ 3 ) with standard basis eo,ho,fo- Cle arly, s and 3 o 
commute. We will now establish an equivalent condition to the dimension condition (4.4) in terms 
of the decomposition of g into irreducible subrepresentations for a ® so — 3(2 (C) ® aLfC). 

Let Vm.n denote an irreducible representation of affiso with h e s acting by m and ho e so acting 
by n on a highest weight vector u e Vm,n annihilated by both e and eo. The eigenvalues of h + ho on 
Vm,n are either all even if m and n have the same parity or all odd if m and n have opposite parities. 
In the former case the quantity 

min(m, n) + 1 

is equal to the dimension of the 0 -eigenspace of h +ho; in the latter case, it is equal to the dimension 
of the 1-eigenspace of h + ho. This is analogous to what occurs in the proof of the Clebsch-Gordan 
formula. 

Let 


(4.5) 


0 = 0K((’,. 


be a decomposition into irreducible subrepresentations 14 


(0 


= Vm 


for the action of 3 ® 3 o. The 


relationship between (4.4) and this decomposition in (4.5) is the following: 


Proposition 4.8. Let O be the orbit through e + eo. The dimension condition (4.4) holds if and only 
*/ 


(4.6) 


rui > Ui whenever mi > 0 . 


Proof. By 3(2 (C)-theory, the sum of the dimensions of the 0-eigenspace and the I-eigenspace for 
ad(h + ho) on g equals the dimension of the centralizer of x = e + eo in g. It therefore follows that 

N 

dim g”' = (min(mi, rii) + 1). 

i = l 

At the same time 

N 

dimg® = ^ (rij + 1 ) 

i=l 

since the kernel of ad(e) on is isomorphic to V(ni). Here, V(ni) is an irreducible representation 

of 3 o = 312 (C) of highest weight rii, hence of dimension m + 1 . Putting the two formulas together, the 
codimension of Oe in Ox is equal to 

N 

E (rii — min(mi ,ni)) . 

i = l 

It is also necessary to compute dimc( 3 )®o. Since 3o c c(3) and 1 ( 3 ) is exactly kerade n kerad/i, it 
follows that c(s) coincides with the sum of all where m,i = 0. The centralizer c(3)''o is then the 

span of the highest weight vectors of these ^-nd hence its dimension is given by the number of 
these subrepresentations. That is. 


dimc(3)“° = #{1 < * < I m, = 0}. 

Thus 

dim C ( 3 ) • eo = dim c(3) — dim c(3) = ^))) {rii -t 1) — 1 = rJi. 

mi=0 mi=0 mi=0 

The equality of dimC(3) ■ eo and the codimension of Oe in Ox is therefore equivalent to min(mi, n;) = m 
for all i with m; ^ 0 . □ 
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It follows from the above proof that if J = {i \ Ui > m.i > 0}, then 
(4.7) dimSo.e — dimC(s) • eo = E {rii — rrii). 

iGJ 

The element cq g g is called height 2 if all the eigenvalues of ad/io on g are at most 2 , and e is 
called even if all the eigenvalues of ad /i on g are even. 

Corollary 4.9. Suppose that either (1) eo belongs to the minimal nilpotent orbit in g, or (2) eo is 
of height 2 in g and e is even. Then the dimension condition (4.4) holds. 


Proof. If eo belongs to the minimal nilpotent orbit of g, then eo is of height two and the 2-eigenspace 
of ad ho is spanned by eo. This is the case since ho is conjugate to the coroot of the highest root. But 
since so c c(s), it follows that so = V' 0,2 is the unique subrepresentation of g isomorphic to Vm.n with 
n > 2. Therefore all other must have = 0 or n, = 1 and so condition (4.6) holds. 

Next assume the second hypothesis. Sin ce e is even, all vilfni with m; > 0 satisfy rrn > 2. Since eo 
is of height two, rn <2 and thus condition (4^) is true. □ 


4.4. The case where ^ 0 for some i > 1 in (^T|), and (4.2) holds. Let eo e c(b) be nilpotent 
and suppose that the dimension condition ( |4.4| ) does not hold for O = Oe+eg ■ It may happen instead 
that Lemma 4.3 applies for a different nilpotent orbit O with Oe cO c O^+eo ■ More precisely, it may 
be possi ble to find x g So.e, writt en a s in (^T|), so that xg = eg and ( 0 ) does hold for this O. Then 
Lemma 4.4 ensures that Lemma 4.3 applies to So,e. Now in such a situation. Lemma 4.5 implies 
that X must lie in the 2-eigenspace for ad(/i - 1 - hg). We now use this information to give one way to 
help locate such an x when it exists. 


4.4.1. A smaller slice result. Let y = e-i-eo, which is nilpotent with corresponding semisimple element 
hy = h + hg. Write for the j-eigenspace of adhy on g. The centralizer Gg := G’'y has Lie algebra go 
and Gg acts on each g,. Then y € gg and the Go-orbit through y is the unique dense orbit in g 2 . Now 
e g go since 

(4.8) [hy,e] = [h + hg,e] = 2e + 0 = 2e. 

We want to find a transverse slice in go to the Go-orbit through e. In fact, since go is a direct sum 
of ad/i-eigenspaces, the decomposition g = Imade © ker ad / restricts to a decomposition 


go = [e, go] © (go n ker ad /). 


Therefore, setting <Sp' = e + (go n ker ad/), it follows that the affine space <Sp’ is a tranverse slice of 
go at e with respect to the Go-action. Consequently, every Go-orbit in go containing e in its closure 
meets 

Let g(r, s) denote the subspace of g where ad/i has eigenvalue r and ad/io has eigenvalue s. Define 
g^ (r, s) = g(r, s) n ker ad /. Then 


go n ker ad / = ^ g-'" (-r, r + 2). 


Next, we relate this decomposition to the decomposition (4.5) of g under s®so. Let 


S = {i \ n, > rui > 0 and rii — m, even} 

where {mi,rii) are defined in (^^). Then S c J. For each i g £, let wt be a nonzero vector in the 
one-dimensional space n g(—+ 2). Then Wi is a lowest weight vector for s, but not in 

general a highest weight vector for so- The set {wi | i g f} is then a basis for 


0g'^(-r,r + 2) 

r> 1 

since each vector in g^ (—r, r + 2) lies in a sum of subrepresentations of type K.s with r + 2 < s and s — r 
even. The subspace g-^fo, 2) is just the 2-eigenspace of ad ho in c(s), which coincides with c(s) ng(0,2). 
It contains eg. A consequence of the above observations is the following 
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Lemma 4.10. Let a: e 02 - If e & Go ■ x, then some Go-conjugate of x can he expressed as 
(4.9) e-\- w -\- E diWi 

iee 


where w e c(s) n 0 ( 0 , 2 ) and di e C. 

Given a nilpotent orbi t O, Lemma 4.10| gives a way to show the existence of some x e O that 
can be written as in (|4.l[) with xq = w nilpotent. But it does not guarantee that w is equal to the 
prescribed eq or that ( |4.4| ) holds. When w = eg and (4.4) holds, which is the case we are interested 
in, then we also know by Lemma 4.5 that the Wi which appear in (4.9) with di ^ 0 must satisfy 
rii — rrii = 2, SO Only the terms in £ with — m,; = 2 will contribute in this case. 


4.4.2. Applying Lemma j.lC. In order to apply Lemma 4.10 for some x e 0 with Oe c Ox c Oy, we 
need to check two things, after possibly replacing x by a conjugate: 


( 1 ) X G 02 

(2) e G Go • X 


The first condition can often be shown as follows. Let s* be an s( 2 -subalgebra through some 
conjugate of x with standard semisimple element g In nil cases we are interested in, there 
exists nilpotent eg g c{sx) with semisimple element hg g h, such that = hy, after possibly 

replacing x again by a conjugate. Then just as in ( [4.8| ), x g 92 and the first condition holds. 

We may further assume that hy is dominant with respect to the Borel subalgebra b c 0 and is 
dominant for the corresponding Borel subalgebra by of s’'y. Then since [h^,x] = 2 x and lhy,x] = 2 x, it 
follows that X belongs to 


Ix ■■= 02 n00(/i”^;j), 

i>2 


where are the eigenspaces for ad/i®. This subspace is preserved by the action of by. Thus 

Go ■ Ix = Go ■ X. We can carry out a similar process for e and obtain a subspace L c 02 , with 
Go- h = Go ■ e. Then if L c L, it necessarily follows that 


Go - le C Go • Ix 

and the second condition holds. For the cases we are interested in, this approach will suffice to check 


the hypothesis in Lemma 4.10 


4.4.3. Example: {Ai,Ai) in type Go. Let 0 be of type Go and let e g 0 be minimal nilpotent. Then 
c{s) = sbfC). Let So G c(s) be minimal nilpotent, which has type Ai in 9 . The decomposition in 
(4.5) is 0 = UfO, 2 ) © U( 2 , 0 ) ® V(l, 3). Therefore {mi,ni) = (1,3) for the unique i g £ and (^) fails for 
O = Oe+eo by Proposition 4^. Indeed, e + eo has type G 2 (ai) and thus if O is the orbit of type Ai, then 
Oe cO c Oe+ep . Since 3 and 1 ( 3 ) are mutual centralizers, and O is unibranch at e, the argument in 
Example 4.1.5 gives that So,e takes the form of the 5 - variety X(2,3) for SLo(C), which is isomorphic 
to m. 


We can show also that Lemma 4.IC holds by checking the two conditions in §4.4.2. Fix nonzero 
Wi G UfljS) satisfying leo,Wi ] = 0 and [/, Wij — 0. Choose hy so that its weighted diagram is the usual 
weighted Dynkin diagram 2 0 of j/ and choose h® and hg to have weighted diagrams 0 1 and 2 - 1 , 
respectively. Then hy = h^ + hg and thus by the above discussion we may replace x by a conjugate 
and assume x g 02 - Similarly, let h and ho have weighted diagrams -1 1 and 3 - 1 , respectively. Then 
/e is one-dimensional and L c /*. The two conditions in 14.4.2 are met, so by Lemma 4.10 there 
exists X G C> with x = e + aeo + dwi for a, d G C . Now d 7 ^ 0 since X and e + aeo are not in the same 
G-orbit for any value of a, and a 7 ^ 0 by Lemma 4.4, and thus we get another proof that So,e takes 
the form X{2, 3). 
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4.4.4. Finding Wi for i g E. We sometimes need to do explicit computatio ns to verify (O) or to 
show that w = eo, especially for degenerations which are not minimal (e.g., §4.4.5) or where Lemma 
4.6 does not apply. In these cases there arises the need for an analogue of the result describing 
isomorphisms between S-varieties (§^.2.1). Here we describe a way that is often helpful in finding 


for i € f, which frequently leads to an isomorphism of C(e) ■ x with C{s) ■ eo in Lemma 4.5, when 
such an isomorphism exists. 

Write 5 (h-,j) for the j-eigenspace of adft. Since c(s) c s'* = siFO), the sih;j) are c(s)-modules. Also 
s'* ffi siF 1) is isomorphic to g^, as c(s)-modules. Indeed, for j > 0, 

g^(-2j) ^ (ad/)Hg'‘) ng-' and 
0^ (-2i - 1) = (ad fy+^ (g(fe; 1)) n g^, 

as c(s)-modules. 

Suppose that g'* is a direct sum of classical Lie algebras. Then for M g g'*, the matrix power Af 
is in g'* for r odd, or if all the factors of g'* are type A, then for any r. Of course [M, M’"] = 0 in g'*, 
and hence in g. Set M := eo, where as before eo G c(5) is nilpotent. The identity [ho, My = 2rM'' holds 
in g'* because [ho,M] = hoM - Mho = 2M, where matrix multiplication takes place in g'*; hence this 
identity also holds in g. Thus M'’, if nonzero, is a highest weight vector for so relative to eo and ho. 
Now assume M^ is not zero. Then for some largest j, 

(ad/)^M''Gg^(-2j) 

is nonzero. Since s and so commute, (ad/)^'M’' is both a highest weight vector for bo and a lowest 
weight vector for s (relative to / and h). 

Now suppose f ^ 0 and consider for i g £. Suppose is even. In the cases of interest (see 

Lemma 4.5 and the paragraph after Lemma 4. 1C), we have Ui — nii = 2. In such cases we often find 
that Wi can be taken to be 

(ad/)^ {M^+y. 


Moreover, if x in (4.9) is a linear combination of such wfs and w = eo, then it follows that C{s) ■ x = 
C{s) ■ eo via the projection ttq (§ [I.2.2 ) since the G'*-action, and thus the C(B)-action, commutes with 
taking matrix powers. 

4.4.5. Example: the non-minimal degeneration (C 3 ,A 2 ) in F^. We illustrate the previous discussion 
in F 4 in proving that So.e contains an irreducible component isomorphic to the nilpotent cone Wca 
in G 2 , when O is of type C 3 and e lies in the A 2 orbit. For this choice of e, the centralizer C{s) is 
connected, simple of type Go. Let ep g c(s) be regular nilpotent. Then e + ep lies in the orbit F^ao) 
and the decomposition of g in (4.5) is 

y(o, 2) e u(o, 10) © y(2,0) © v(4, e), 

so £ has a single element, with = (4,6). Then Oe cO c 0„+eo and we could use §4.4.2 to show 


that there exists a; g C> satisfying (4.9) with some additional work. Instead, we report on a direct 
computation using GAP. Let 

e = eooio + eoooi, / = 2/ooio + 2/oooi, h- = [e, f], 

and 

^0 = eolll — 60120 + 61000- 

The space g(-4, 6 ) is one-dimensional, spanned by Wi := 61220 - This is also a highest weight vector 
for the full action of G( 3 ) on g^(-4) ^ V(u) 2 ), the 7-dimensional irreducible representation of Go. We 
computed in GAP that there is an a: g C> with x = e + ep — ^Wi, which establishes 0 with a:o = 60 
and Xi = Wi. Since dim<So,e = dimC(B) • 60 , Lemma 4.3 applies and thus So,e contains e + X as an 


irreducible component, where X := G{s) ■ (60 - \wi). 

We now show that X is isomorphic to G(b) • ep, which is the nilcone of c(b), by relating the choice 
of Wi to the discussion in §4.4.4. We have g** = bo7(C) ©C and the 007(C) component contains 0(0) 
and decomposes under [(0) into 0(0) © yjtos). Now ad/ annihilates 0(0), while (ad/)^ carries the Vlwo) 
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summand isomorphically onto g^(-4). Let M = eo € c(s) c 507(C). Then e sotCC) and ^ 0 
since eo has type B 3 in g (i.e., the embedding of c(s) of type G 2 in sorfC) is the expected one). Since 
is centralized by eo and is an eigenvector for ndho with eigenvalue 6 , we have e V{uj 2 ) since 
only the eigenvalues 2 and 10 are possible for the 0 ( 5 ) summand. Moreover, (ad/)^(M^) is a nonzero 
vector in g(—4, 6 ) and so must be a multiple of Wi. Although X is not an S-variety (since eo is not 
minimal in c(s)), it is the closure of the C(s)-orbit through {eo,Wi) e c(s) ffig''^(-4), which can now be 
described as the set of elements (M, M^) e c(s) ® V"((V2) =so 7 (C) with M e c(s) nilpotent. Hence, there 
is a C(s)-equivariant isomorphism of X with C{b) ■ eo = A/ba coming from tto. 

Remark 4.11. There are two branches of O in a neighborhood of e. These two branches are not 
conjugate under the action of G’’, which shows that Proposition 2.1 does not generally hold for 


degenerations which are not minimal. The other branch of O at e splits into three separate branches 
in a neighborhood of a point in the orbit F^ias) (see §7.3). 


4.5. Proof of Proposition 3.3. The proof is case-by-case until we exhaust all minimal degener¬ 


ations covered by the Proposition. First, we consider those e for which there exists eo e c(s) that is 
min imal nilpotent in g, and then compute the G-orbit O to which e + eg belongs (§4.2.1). Corollary 
4.9 ensures that ( 0 ) holds for this O, and then applying Lemma |4.3| to x := e - 1 - eo, we conclude 
that e -I- C(b) • eo is a union of irreducible components of So,e- Such degenerations turn out always 
to be mini mal d egenerations, and so G(s) acts transitively on the irreducible components of So,e by 
Proposition Hence So,e = e + G(s) ■ eg. The results are recorded in Tables H, H, H and § for each 
of the exceptional groups F 4 , Eg, E 7 , and Fg, respectively. Next, we conside r all other cases where eo 
belongs to a minimal nilpotent C(s)-orbit in c(s) and check whether or not ( [4.4[) holds for O = Oe+ag- 
In the cases where it does hold, the degeneration (0,0e) turns out to be a minimal degeneration, 
and thus So,e =e + G(s) ■ eo as in the first step. The results are recorded in the first lines of Tables pj 
1^, and 1^. These two sets of calculations cover all the minimal degenerations in Proposition 3.3 
where J = 0. 


For the remaining cases, we study those eg which are minimal in c(s), but where (4.4) does not hold 
for the orbit through e + eg. For such e and e + eg, we look for nilpotent orbits O with Oe cO c Oe+eo 
such that Oe is a minimal degeneration of O and dimG(s) • eg = codimo(Oe). Then O' = Oe and O are 



5 . Geometric method for surface singularities 

In this section we consider a minimal degeneration O' of O such that O' is of codimension 2 in 
O. Let e e O'. We show that the normalization of each irreducible component of So,e is isomorphic 
to C^/r for some finite subgroup r c SLafC). Our method allows us to determine the group r, hence 
we determine <So,e up to normalization. As mentioned in §3.1, we can often use results on normality 
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of nilpotent orbit closures or other methods (e.g. Lemma 0) to decide whether the irreducible 
components of So,e are normal. Sometimes we have to state our results up to normalization. 

5.1. Two-dimensional Slodowy slices. Recall that a contracting C*-action on a variety X is a 
C*-action on X with a unique fixed point o e X such that for any x £ X, we have limx_»o \ ■ x = o. 
Recall from |BeaOO that a symplectic variety is a normal variety W with a holomorphic symplectic 
form ui on its smooth locus such that for any resolution n ■. Z —> W, the pull-back n^u} extends to a 
regular 2-form on Z. For a nilpotent orbit, we write O for the normalization of O. 

Lemma 5.1. The normalization So,e of So,e is an affine normal variety with each irreducible com¬ 
ponent having at most an isolated symplectic singularity and endowed with a contracting C*-action. 

Proof. As O has rational Gorenstein singularities by pin91 | and [Pan91|, <So,e has only rational 
Gorenstein singularities. On the other han d, there e xists a symplectic form on its smooth locus, hence 
5o,e has only symple ctic singularities by [ NamOl (Theorem 6). By construction, the contracting 
C*-action on So,e in §2.3 has positive weights, hence it lifts to a contracting C*-action on <So,e. □ 


The two-dimensional symplectic singulari ties ar e exactly rational double points (cf. | BeaOO , Sec¬ 
tion 2.1]). The following is immediate from |FZ03, Lemma 2.6]. 


Proposition 5.2. Let X be an affine irreducible surface with an isolated rational double point at o. 
If there exists a contracting C*-action on X, then X is isomorphic to C^/r for some finite subgroup 
r c sl 2 (C). 


Note that by Proposition 2.1, the irreducible components of So,e are mutually isomorphic. As an 
immediate corollary, we get 

Corollary 5.3. Let So,e be a two-dimensional nilpotent Slodowy slice. Then there exists a finite 
subgroup r c SLalC) such that each irreducible component of the normalization So,e is isomorphic to 

cvr. 

Hence to determine So,e, we only need to determine the subgroup r. In the following, we shall 
describe a way to construct the minimal resolution of 5o,e. Then the configuration of exceptional 
P^’s in the minimal resolution will determine r. 

5.2. Q-factorial terminalization for nilpotent orbit closures. A general reference for the min¬ 
imal model program in algebraic geometry is | Mat02( |. Here we recall some basic definitions. 

Let X be a normal variety. A Weil divisor D on X is called Q-Cartier if ND is a Cartier divisor for 
some non-zero integer N. We say that X is Q-Gorenstein if its canonical divisor Kx is Q-Cartier. The 
variety X is called Q-factorial if every Weil divisor on X is Q-Cartier. A Q-Gorenstein variety X is said 
to have terminal singularities if there exists a resolution n : Z ^ X such that Kz = -x^Kx + UiEt 
with Oj > 0 for all i, where Ei,i = l,--- ,fc are the irreducible components of the exceptional divisor 
of TT. A Q-factorial terminalization of a Q-Gorenstein variety X is a projective birational morphism 
TT: Z ->■ X such that Kz = 7 r*Xx and Z is Q-factorial with only terminal singularities. 

It is well-known that two-dimensional terminal singularities are necessarily smooth (cf. Theorem 
4-6-5 j MatOzj] ), hence a normal variety X with only terminal singularities is smooth in codimension 
2, that is, codimxSing(X) > 3. 

For the normalization of the closure of a nilpotent orbit, one way to obtain its Q-factorial ter¬ 
minalization is by the following method. Consider a parabolic subgroup Q in G. Let L be a Levi 
subgroup of Q. For a nilpotent element t £ Lie(L), we denote by Of its orbit under L in Lie(L). Let 
n(q) be the nilradical of Lie(Q). Then the natural map p : G (n(q) -\-of) ->■ g has image equal to O 
for some nilpotent orbit O and p is called a generalized Springer map for O. Then O is said to be 
induced from {L,Of) |LS79|. When t = 0, then O is called the Richardson orbit for Q and G x® n(q) 
identifies with the cotangent bundle T*{G/Q)] if in addition p is birational, then we call p a gener¬ 
alized Springer resolution. By [Fu03|, those are the only symplectic resolutions of nilpotent orbit 
closures. More generally, if p is birational and the normalization of O^ is Q-factorial terminal, then 
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the normalization of p gives a Q-factorial terminalization of 5, the normalization of O. In | FulCl|| , it 
was proved in confirming a conjecture of Namikawa that for a nilpotent orbit O in an exceptional 
Lie algebra, either O is Q-factorial terminal or every Q-factorial terminalization of O is given by a 
generalized Springer map. 

5.3. Minimal resolutions of two-dimensional nilpotent Slodowy slices. We now use the 

generalized Springer maps to construct a minimal resolution of So,e when So,e is two-dimensional. 

Recall from [FulC| that in a simple Lie algebra of exceptional type, O has only terminal singu¬ 
larities if and only if O is either a rigid orbit or it belongs to the following list: 2Ai, A 2 - 1 - Ai, A 2 -I- 2Ai 
IR Eq ^ A 2 H“ .Ap j A 4 -|- Ap IR Ej ^ A 4 -|- Ap , A 4 -|- 2Ap IR E^. 

First consider the case where O has only terminal singularities. Then O is smooth in codimension 
two by the previous subsection. This implies that the singularities of O along Oe are smoothable by 
its normalization. In other words, So,e is smooth, which is then isomorphic to by Proposition 5.2 
and we are done. 


As O = Ox is 


Example 5.4. Consider again the minimal degeneration (Ai,Ai) in G 2 from §4.4.3. 
a rigid orbit, its normalization has Q-factorial terminal singularities by [FuIC|. In particular, the 


singular locus of O has codimension at least 4. Since the orbit Ai is of codimension two in O, this 
implies that O is non-normal and So,e = for e g Oa,, which is consistent with the description 


So,e =m in §4.4.3 


Next, assume that the normalization O is not terminal. Then by [FulO|, O is an induced orbit 
and O admits a Q-factorial terminalization n ■. Z —>■ O given by the normalization of a generalized 
Springer map. We denote by U the open subset OuOe of O and u ■. U ^ U the normalization map. 
As Z has only terminal singularities, it is smooth in codimension two. As n is G-equivariant and 
Oe cO is of codimension two, we get that 7r(Sing(Z)) n u-^{Oe) = 0. We deduce that V := tt-RG) 
is smooth. In particular, we obtain a symplectic resolution ■k\v ■ V ^ U. By restriction, we get a 
resolution n ■. 7r~^(So,e) <So,e, which is a symplectic, hence minimal, resolution. 

Let y e v~Re). If we know: (1) the number of P^’s in 7 r-^(y) and in 7 r“Ri/“Re)); and (2) the action 
of A(e) on the P^’s in 7 r-^(iy-^(e)), then in most cases we can determine the configuration of P^’s in 
7 r~’-(i/~^(e)), and hence in 7 r~^(y), and therefore determine So,e- We next introduce some methods to 
compute this information. 


5.4. The method of Borho-MacPherson. Let W be the Weyl group of G. The Springer corre¬ 
spondence assigns to any irreducible VF-module a unique pair (O, rf>) consisting of a nilpotent orbit O 
in g and an irreducible representation (p of the component group A(x) where x g O. The corresponding 
irreducible VF-module will be denoted by 

Let Wl denote the Weyl group of L, viewed as a subgroup of W. Let denote the Springer fiber 
over X for the resolution of the nilpotent cone W in g and let Bp be the Springer fiber of t for the 
group L. If Op is the orbit of L through the nilpotent element t e Lie(L), we denote by pj; the 
VFi-module corresponding to the pair {Op, 1) via the Springer correspondence for L. 


Lemma 5.5. Let Z = G (n(q) - 1 - of). Let p : Z ^ O be the generalized Springer map. Let O' c O 
be a nilpotent orbit of codimension 2d. Assume that Z is rationally smooth at all points of p~^{e) for 
e e O'. Then the number of irreducible components of p~^{e) of dimension d is given by the formula 


degpftA) 
dim H^'^p (Bp) 


0 deg0 • [Res:[Jl^ p(e,,^) : pft,i)]> 

(^^Irr A{e) 


where the sum is over the irreducible representations 4> of A(e) appearing in the Springer correspon¬ 
dence for G. 


Proof. By [BM83, Thm. 3.3], we have H'^°p{p-'^{e)) ^ H*°p{Bp) = H^°p{BeYon), 
side denotes the p^; ,j-isotypical component of the restriction of H*pp{Be) to Wl. 


where the right hand 
Recall that H^°p{BA = 
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1 ) (gi if>, which gives 

/jt°p(p-i(e)) . = degpfti) ^deg0- [Res;;[i^ p(e,,/.) : pft,i)]. 

4> 

where h*°'p{X) denotes the dimension of 


□ 


Now the component group A{e) acts on the left-hand side of 

where it acts trivially on It also acts on the right-hand side since the A(e)-action commutes 

with the VU-action, and hence the VUi,-action. Note that the action of A(e) is compatible with the 
isomorphism (see Corollary 3.5 [BM83]). This gives the following 


Corollary 5.6. The permutation action of A(e) on the irreducible components of dimension d of 
P~^{e) gives rise to the linear representation 

(5.1) 


0 degpft i)[Res(; 

<^>elrr A(e) 


P(e,tp) • P(t,l)]^ 


In particular the number of orbits of A(e) on the irreducible components of p~^(e) of dimension 
d equals the multiplicity of the trivial representation of A(e) in &)■ The number of A(e)-orbits is 
therefore equal to degp'; [ResJJl^ p(e,i) : pft,i)]. 

Example 5.7. Let g be of type Fi. Let O be the nilpotent orbit of type B 3 and O' of type ^ 4 ( 03 ). 
Then O' c O is codimension two. Since O is even, its weighted Dynkin diagram shows that O is 
Richardson for the parabolic subgroup Q with Levi subgroup L of se misim ple type A 2 . This gives 
rise to the generalized Springer map p : G n(q) —>■ O as in Lemma 5.5, with t = 0 . The map p 
is birational because e is even. Since O is normal and p is birational, the restriction of p gives a 
minimal resolution of So,e = So,e where e g O' as in § ^.3| . 

Now A(e) = 64 . Since t = 0 , the representation p(; is the sign representation of Wl- By the 



remaining three components transitively. Consequently the dual graph of So,e = So,e is the Dynkin 
diagram of type D 4 and A(e) acts on the dual graph via the unique quotient of A(e) isomorphic to 
63 . Hence the singularity is G 2 . 

The fact that t he dual graph is D 4 could also be obtained by restricting to a maximal subalgebra 
of type Bi (§ 4.1.1 ). In this way we would only need to know that the degeneration in Fi is unibranch, 
instead of the stronger statement that O is normal. 


5.5. Orbital varieties and the exceptional divisor of n. The next lemma (see |FulO, Lemma 
4.3]) can sometimes be used to simplify computations. 

Lemma 5.8. Let O be a nilpotent orbit with Pic(O) finite and such that there is a generalized Springer 
resolution it : Gx®n(q) —>■ O (see • 


5.i ). Then the number of irreducible exceptional divisors of it equals 


b 2 (G/Q), the second Betti number of GjQ, which is equal to the rank of G minus the semisimple rank 
of a Levi subgroup of Q. 


From |FulO, Prop 4.4] it follows that Pic(0*) is finite whenever the character group of G”' is finite. 
Picking an s[ 2 -subalgebra Sx containing x, the latter is equivalent to the finiteness of the character 
group of G(sx), or equivalently, to the finiteness of the center of G(sx). The latter can be read off from 
the tables in ]Ale79 or deduced from the tables in ]Som98l. Such calculations are closely related 
to those in In the exceptional groups, Pic(O) is finite unless O is one of the following orbits in 
Ee'. 2Ai, A 2 -I-Ai, A 2 -I-2Ai, A 3 ,A 3 -I-Ai, A 4 , A 4 -I-Ai,D 5 (ai),D 5 . For these orbits in Ee, the number of 
irreducible exceptional divisors of a generalized Springer resolution or a Q-factorial terminalization 
has been explicitly computed in the proof of jFulC, Prop 4.4]. 
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Let Oi,. ..Os be the maximal orbits in the complement of O in O. We restrict to the case where 
all Oi ’s are codimension two in O. Then the irreducible exceptional divisors of n have a description 
in terms of the orbital varieties for the Oi’s. Recall that an orbital variety for Oi is an irreducible 
component of Oi n n where n := n(b) is the nilradical of the Borel subalgebra fa. It is known that 
each orbital variety has dimension i dimO;. Let X be an orbital variety for Oi which is contained in 
n(q). Then X is of codimension one in n(q) since Oi is of codimension two in O and dimn(q) = i dimO. 
Moreover X is stable under the action of the connected group Q since X c Q ■ X cOiCn and X is 
maximal irreducible in Oi n n. 

Let TTx be the restriction of tt to G X. The image of ttx is Oi since X is irreducible and Q is a 
parabolic. By dimension considerations, -K^^iOi) = G x‘5 x is an irreducible exceptional divisor of tt. 
Conversely, any irreducible exceptional divisor of n equals G Y for some irreducible component 
Y of Oi n n{q). Now dimV can only equal dimn(q) — 1 or dimn(q) — 2 since ImTTy = Oi. In the former 
case, Y is an orbital variety of X contained in n(q). In the latter case, 7 ry^(ei) is finite where ei e Oi, 
contradicting the fact, from above, that the irreducible components of 7 r“Rei) are P'^’s. This shows 
that the irreducible exceptional divisors of tt are exactly the G x® X where X is an orbital variety of 
some Oi lying in n(q). _ 

Next, the map Gx^X ->-Gx®X has connected fibers isomorphic to Q/B. It follows from [ 3pa82 
that the P'^’s in -/rx^fei) are permuted transitively under the induced action of A{ei) since the analogous 
statement holds for the irreducible components of Px^(ei) where px : G x® X ->• Af. Consequently, if 
Pic(O) is finite and Vi equals t he number of T(ei)-orbits on x-Rei), then = feafG/Q) by Lemma 
5.8, See, for example, [ Wie03|, Thm 1.3]) for a more general setting where this phenomenon occurs. 


Example 5.9. Consider the minimal degeneration where O has type A 2 and O' has type Ai + Ai in 
Fa. The codimension of O' in O is two. The orbit O is Richardson for the parabolic subgroup Q 
whose Levi subgroup has type B 3 . Moreover the map x : Z ■.= G x'^ ri(q) ^ O is birational, hence a 
generalized Springer resolution. The hypotheses of Lemma hold. Since b^lZ) = 1 and there is 
no other minimal degeneration of O, there must be exactly one irreducible component in 
Since A{e) = 1 for e e O', there is only one irreducible component in TT~'^(e). Since O is normal, the 
singularity of O at e is of type Ai. 


5.6. Thr ee r emaining cases. There are three cases where the information in Lemma ^ and 
Corollary |5.6| is not sufficient to determine a minimal surface degeneration, even up to normalization. 
They are (Egfai), Dg) in Ee, (Eyfai), Eyfaa)) in Ej, and (Egfai), Egfaa)) in Es. In this section we give an 
ad hoc way to determine the singularity. 

In each of the three cases, the larger orbit O is the subregular nilpotent orbit and so O is normal. 
Since g is simply-laced, A{x) is trivial for x e O. Hence for any parabolic subgroup Q with Levi factor 
Ai the map tt : G x® n(q) ^ G is birational. Moreover in each case the smaller orbit O' is the unique 
maximal orbit in 0\0. Since A(e) = 1 for e e O', there are rank(g) - 1 P'^’s in by §5.5. At the 

same time, this uniqueness means that O' is the Richardson orbit for any parabolic Q' with Levi 
factor of semisimple type Ai x Ai, so if Q' is such a parabolic, then n(q') is an orbital variety for O'. 
Hence if we fix Q corresponding to a simple root a, then we find an orbital variety n(q') c n(q) for 
O' for each simple root 0 not connected to a in the Dynkin diagram. Since A(e) is trivial, each of 
these n(q') gives rise to a unique P^ in By looking in the Levi subalgebra corresponding to the 

simple roots not connected to a, it is possible to determine the intersection pattern of these P'^’s. 


5.6.1. The case of {Ee{ai),D 5 ) in Eg. There are 5 P^’s in 7 r-Re). The singularity could only be A 5 or 
D 3 since G is normal. If we choose a so that the remaining simple roots form a root system of type 
As, then there are 4 orbital varieties of the form n(q') in n(q). The 4 P^’s have intersection diagram 
of type A 2 -I- A 2 . This could only happen for a dual graph of type As, so So,e = As. 


5.6.2. The case of (£ 7 ( 01 ), £^ 7 ( 02 )) in Ej. There are 6 P^’s in 7r-Re). The singularity could only be As, 
De, or Ee since G is normal. Choosing a so that the remaining simple roots form a system of type 
Ee, there are 5 orbital varieties of the form n(q') in n(q). Then the 5 P^’s have intersection diagram of 
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type -D 5 . This eliminates Ae as a possibility. If we choose a so that the remaining simple roots form 
a system of type Ae, then there are 5 orbital varieties of the form n{q') in n(q) and the corresponding 
5 P'^’s have intersection diagram of type A 2 + A 3 . This eliminates Eg, hence = Dg. 

5.6.3. The case of (Egiai), Es{a 2 )) in Eg. There are 7 P^’s in v-^{e). The singularity could only be 
T 7 , D 7 , or £7 since O is normal. If we choose a so that the remaining simple roots form a system 
of type £7, then there are 6 orbital varieties of the form n(q') in n(q). The corresponding 6 P^’s have 
intersection diagram of type Eg. Hence So,e = £7. 

Remark 5.10. Ben Johnson and the fourth author have also confirmed these three results using 
Broer’s description of the ideal defining the closure of the subregular nilpotent orbit and the Magma 
algebra system. 


6. On the SPLITTING OF C{s) AND INTRINSIC SYMMETRY ACTION 


6.1. The splitting of C(s). In this section we establish the splitting on C{s) discussed in 11.8.3. 
That is, we determine when 

C{s) ^ C(b)° X H 


for some H c C{s). Necessarily H s A{e). We continue to assume that G is of adjoint type. 

In the classical groups, C{s) is a product of orthogonal groups and a connected group, possibly up 
to a quotient by a central subgroup of order two. Since the result holds for any orthogonal group, 
it holds for C{s). 

Let C c A{e) be a conjugacy class. There exists s e C{s) whose image s in A{e) lies in C such that 
the order of s equals the order of s, except when e belongs to one the following four orbits: 


( 6 . 1 ) 


T 4 A 3 in £7 ; A 4 . -j- , £7 (ci 2 ) and Eg (tii ) t Ai in £§. 


For these four orbits, which all have A{e) = S2, the best result is an s of order 4 to represent the 
non-trivial C in A(e) 1 3om98, §3.4]. Hence the splitting holds for all other orbits where A{e) = 62, 


with H = { 1 , s}. 

This leaves the cases where A(e) = 63,64, or 65. If e is distinguished, meaning C{s)° = 1 , there is 
nothing to check. This leaves a handful of cases where A{e) = 63 and e is not distinguished. The 
hrst such case is e = £4(01) in Eg, which we now explain. 


6.1.1. 63 cases. Let G be of type Eg and s e G be an involution with G“ of semisimple type Ag +Ai. 
Then there exist e e nilpotent of type 2 A 2 . Let s c be an ^b-triple through e. Then cfs) has type 
G 2 . It is easy to compute g® nc(5) inside of A 5 + Ai; it is a semisimple subalgebra of type Ai + Ai. Let eg 
be regular nilpotent in g® nc(s). Then eg is in the subregular nilpotent orbit in c(s). Clearly s belongs 
to the centralizer of eg in G(s), which is a finite group H from the case of the subregular orbit 
in G 2 . Next, a calculation in A 5 + Ai shows that e + eo has generalized Bala-Carter type A 3 + 2 Ai. 
From this we conclude that e = e + eo belongs to the nilpotent orbit £ 4 ( 01 ) in Eg and s represents an 
involution in A(e) [ Som98 , §4]. 

A similar argument works if s g G is an element of order 3 with G® of semisimple type 3 A 2 . 
Therefore the centralizer £ = 63 of eo in G(3) also centralizes e + eo and the image of H in A(e) is all 
of A(e). This proves the splitting for e = £4(ai) in Eg. The same procedure works for the other 63 
cases. 


6.1.2. We have shown 

Proposition 6.1. There exists H c G(s) such that 

G( 3 ) ^ G(0)° X H, 

except when e belongs to one of the four orbits in dH). For those four cases, A(e) = 62 and 

G(s) = G(s)° ■ H 

where H c G(s) is cyclic of order 4 . 
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While the above splitting is unique up to conjugacy in C{s) in the subregular case (§ |l.5.2| ), this 
is not the case in general, as the next example shows. 

Example 6.2. Let e be in the A2 orbit in g of type Eg. Then c(s) has type Ee and A(e) = 62 . The 
generalized Bala-Carter notation for the non-trivial class C in A{e) is ( 4 Ai)". From this it follows 
that both conjugacy classes of involution in G can represent C. For one choice of involution si e C{s) 
lifting C, g“i has type Dg. The partition of e in g“i is [ 2 ®], so the reductive centralizer of e in g^i is spg. 
For the other choice ^2 e C{s) lifting C, g “2 has type Ej + Ai and e corresponds to (3yli)" + A^. Hence 
the reductive centralizer of e in g ®2 is of type F4. Consequently, there are two choices of splitting in 


Proposition 6.1 that are not only non-conjugate under C(s), but also in Aut(c(s)). 


Although the choice of splitting in Proposition 6.1 is not unique up to conjugacy in C(s) or even 
Aut(c(s)), we can restrict the choice of H further so that the image of H in Aut(c(s)) will be well-defined 
up to conjugacy in Aut(i:(s)). Let c{ 3 )“‘’ be the semisimple summand of c( 3 ). Let 

a : C(s) —>■ Aut(c(3)'''*) 

be the natural map. Then Ima = Int(c{3)‘'°) xi AT for some subgroup of diagram automorphisms ( ^1.5.2 ). 
By a case-by-case check, B in the Proposition S.l can be chosen so that B maps onto K via a. Then 
the image of B in Aut(c(3)) is well-defined up to conjugacy in Aut(c(3)). In the above example, 
B = {S 2 ) has the desired property, since F 4 is the fixed subalgebra under the non-trivial diagram 
automorphism of Eg. We note that [A.le79| is the original source for computing the image of the 
map a. 

6.2. Computing the intrinsic symmetry. Having chosen B with a(B) = K as above, we can 
determine the action of B on So.e- Here, we restrict to the exceptional groups and to a minimal 
degeneration O' of O, with ee O'. We summarize the possibilities and record the action of it on <So,e 
in the graphs at the end of the paper. 

6.2.1. Minimal singularities: A(e) = 62 cases. Let So,e be an irreducible minimal singularity admit¬ 
ting an involution as in ^1.8.2. If \B\ = 2 , then it turns out that B realizes this involution. There is 


one case of this kind when \B\ = 4 , when e = A4 + Ai in Eg and So,b = 02 . Let B = (s). Then s e B 
realizes the involution on So.e and acts trivially on So,e. We will still refer to this singularity with 
induced symmetry by a^. 

If is a reducible minimal singularity, then it is turns out that So,e has exactly two irreducible 
components and B interchanges the two components. The only three cases which occur are the 
singularities with symmetry action [ 2 Ai]+, [ 202 ]+, and [ 232 ]+. 

6.2.2. Minimal singularities: A{e) = 63 cases. If So.b is the unique irreducible minimal singularity 
admitting an action of 63 as in §1.8.2, then B realizes the full symmetry This only occurs once, 
in Eg. 

If So.B is a reducible minimal singularity, then So,b turns out to have 3 irreducible components 
and B acts by permuting transitively the three components. In other words, the stabilizer of a 
component acts trivially on the component. All of these cases are of the form 3 Ai and the singularity 
with symmetry action is denoted [3Ai]++. 

6.2.3. Simple surface singularit ies: A (e) = 62 cases. If is an irreducible simple surface singularity 
admitting an involution as in § 1.4.2| (or in the case of A2 and A 4 , admitting the appropriate cyclic 
action of order 4 ), then B realizes this symmetry. To show this, we first checked that A(e) has the 
appropriate action on the dual graph of a minimal resolution in Corollary 5.6. Then since C{s) acts 
symplectically on So.e, Corollary 1.1 and Theorem 1.2 in [Cat87| imply that B corresponds to the 
r' c SL 2 (C) which defines the symmetry involution. 

The only reducible surface singularities with A(e) = 62 are those with <So,e = 2 Ai, hence covered 
previously. 
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6.2.4. Simple surface singulari ties: A{e) = 63 cases. If 5o,e is an irreducible simple surface singularity 
admitting an 63 action as in § 1.4.2 , then H realizes the symmetry action and so So,b = G 2 . 

An unusual situation occurs for the minimal degeneration {DY{ai),Es(bfi)). Here, A(e) = 63, but 
So,e only admits a two-fold symmetry, compatible with its normalization So,e which is A 3 . Here, 
r c SLalC) corresponding to So,e is cyclic of order 4. The normal cyclic subgroup of H = 63 is 
generated by an element s with g® of type Ee + A 2 and hence s acts without fixed point on the orbit 
Dj{ai) since the latter orbit does not meet the subalgebra E 6 -I-A 2 . On the other hand, using Corollary 
5.6, we see that A(e) induces the involution on the dual graph of a minimal resolution of So.e- Since 
C{s) acts symplectically on So,a and So.e, Corollary 1.1 and Theorem 1.2 in [Cat87| imply that H 
acts on So,e = C^/r via the action of r' c SL 2 (C), the binary dihedral group of order 24 containing r 
as normal subgroup. 

If So,e is a reducible surface singularity, then So,e is isomorphic to 3 C 2 , 3 C 3 , 8 ( 05 ), or the previously 
covered [3Ai]++. We have omitted the superscript in 3 C 2 , etc. The notation means that H permutes 
the three components transitively and the stabilizer of any component is order 2 , which acts by the 
indicated symmetry. The notation (C5) refers to the fact that we do not know whether an irreducible 
component is normal. 


6.2.5. Simple surface singularities: A(e) = 64 case. This only occurs in F 4 . One degeneration has 
So,e = G 2 (see §5.7). Here, the Klein 4-group in H acts trivially on So,a and the quotient action 
realizes the full symmetry of 63 on So,a. This follows either from the list of possible symplectic 
automorphisms of or from a direct calculation that the Klein 4-group in H fixes So,a pointwise. 

The other degeneration has So, a - 4G2 (see j^7.2|). Here, H permutes the four components transi¬ 
tively and the stabilizer of any component is an S3, which acts by the indicated symmetry. 


6.2.6. Simple surface singularities: A(e) = 65 case. This only occurs in Eg. One degeneration has 
So, a = IOG2. Here, H permutes the ten components transitively and the stabilizer of any component 
is a Young subgroup 63 x 62. The S2 factor acts trivially on the given component and the S3 factor 
acts by the indicated symmetry. 

The other degeneration has So, a = 5 G 2 . Here, H permutes the hve components transitively and 
the stabilizer of any component is a S4. The S4 factor acts on the given component as in the E4 
case above. 

Remark 6.3. Even when A(e) is non-trivial, it might not induce a non-trivial symmetry on any So,a. 
For example, when e = G3(ai) in E4, the only degeneration above Oa has So, a = Ai. Here, H acts 
trivially on So, a, reflecting the fact that SL2(C) has no outer automorphisms. Indeed, G(s) is just the 
direct product C(s)° x H. 


7 . Results for E4 


7.1. Deta ils in the proof of Proposition 3.3. Here we record the details for establishing Propo¬ 
sition 3.3 for g of type E 4 , as outlined in §4.5. First, we enumerate the G-orbits of those e such 
that c(s) has non-trivial intersection with the minimal nilpotent orbit in g. To that end, let eo G g 
be minimal nilpotent and recall that so is an s[ 2 (C)-subalgebra through eo. The centralizer c(bo) is a 
simple subalgebra of type G3, equal to the semisimple part of a Levi subalgebra of g. The relevant 
nonzero nilpotent elements e g c( 5 o) are therefore those in the G-orbits 

Ai,Ai,Ai -t-Ai,A2,E2,G3(tti) and G3 


and hence Corollary 4.9 applies to these elements. The computation of e - 1 - eo GO proceeds as in 
§4.2. The results are in Table |^. We use boldface font in Table to locate the simple factors whose 
minimal nilpotent orbit is of type Ai in g. Where more than one such simple factor is in boldface, 
this indicates that the factors are conjugate under the action of G(s). The first two lines of Table ^ 
have the remaining cases where Lemma 4.3 applies with x = e + eo for an element eo in a minimal 
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Table 1. F 4 : cases with eo e c(s) of type Ai in g 


e 

6 + eo £ 0 

c(b) 

Isomorphism type of So,e 

A\ 

II 

G3 

C 3 

A\ 

A\ + A\ 

A 3 

a+ 

Ai + Ai 

‘ 1 A\ + Ai = A 2 

Ai + Ai 

Ax 

A 2 

A 2 + Ai 

G2 

92 

B 2 

B 2 + = C' 3 (ai) 

2Ai 

[2Ax] + 

Cz(ai) 

C* 3 (ai) + Ai = i^ 4 (a 3 ) 

Ai 

Ai 

C 3 

C 3 + Ai = -^ 4 (^ 2 ) 

Ai 

Ai 


nilpotent orbit of [(a). This now exhausts all minimal degenerations covered by Proposition B.3 with 


J = 0. 

The remaining minimal degener atio ns in the proposition, of which there are four, are all codimen¬ 
sion two and unibranch. We use i j7.2| to determine that these exhaust the remaining codimension 
two cases with |r| = 1 or 2 . We now show that all four cases are 5-v ariet ies for SL 2 (C) of the form 
X(2,ii + 2,12 + 2 ,. .. ), with J = {ii ,i 2 , ■ ■ ■ } among those listed in Remark All cases can be handled 
wit h Lemma ^ and Corollary but in one case we need to pass to a subalgebra (as in Lemma 
4.1 ) and in another, do an explicit computation to find the exact form of So,e- T he v alues of 
for i e £ are listed in Table ||. Boldface is used for those where x^. 7 ^ 0 in ( [4.l[) . Equivalently, 

the set J consists of the m^’s in boldface. 

7.1.1. The degeneration {A 2 , Ax+ Ai). For e of type Ai-i-Ai, c(s) = ablClesLfC). The nonzero nilpotent 
elements in one simple factor of c(s) are minimal in g and this case was handled earlier. The nonzero 
nilpotent elements in the other simple factor 3 are of type A 2 in g. Let eo G 3 be such an element. 
The centralizer c( 3 ) is contained in a Levi subalgebra of g who se semisimple type is B 3 , and thus 0 ( 3 ) 
does not meet the G-orbit O of type A 2 . Hence Lemma ^ applies to So,e- Now e + eg is of type 
Cafai) and {m,i,ni) = (2,4) for the unique element i e £. The argument in Example 4.1.5 then gives 
that So,e = e + X{2, 4) ^ X (2) is an Ai-singularity. 

In fact Example 4.1.5 can be used more directly. This also illustrates the process of passing to 
a subalgebra to establish that So,e has the desired form as an S-variety. Let [ be a Levi subalgebra 
of g whose semisimple type is C 3 . The G-orbit through e meets 1 in the orbit [ 2 ^], so we may assume 
e e B c 1 . Then c(B)ni coincides with 3 and Gni coincides with the o rbit in [ of type [3^]. For dimension 
reasons it follows that Som.e c I equals So.e- Thus Example 4.1.5 directly gives So.e = e + X{2,4). 


7 . 1 . 2 . The degeneration (Gafai), A 2 -I-Ai). For e of type A2 + A1, c(s) =s[ 2 (C). Let eg G c(s) be a nonzero 
element in 3 = c(b), which has type Ax + Ax in g. The orbit O of type G 3 (ai) does not meet c(3), 
so Lemma applies. Th e sum e + eg is of type ^ 4 ( 03 ) and {mi,ni) = (1,3) for the unique element 
i G £. Hence as in Example 4.4.3 , we have So,e = e -1- X(2, 3 ) = m. The result can also be obtained by 
reducing to the subalgebra b' © c(b'), where b' is the Bb-subalgebra through an element e' of typ e A 2 . 
A key factor making this work is that c(b') has type G 2 and we can directly use Example 4.4.3| . We 
omit the details. 


7.1.3. The degenerations (B 2 ,A 2 + Ax) and {A 2 +Ax,A 2 +Ax). For e of type T 2 + Ai, c(b) = BblC). The 
nonzero nilpotent orbit in c(b) also has type A2 + Ax in g. Hence for 3 := c(b), we have 1(3) = b and 
so Lemma applies for O both of type B2 and of type A2 + Ax. Let eo G 3 be nonzero nilpotent. 
The sum e + eo is of type F4(a3) and {(1,3), (2,4)} are the values for the two elements in S. Indeed the 
decomposition of g in is 

y(o, 2) © y(i, 3) © v{2, 0) © v{2, 4) © y(3,1) © y(4, 2 ). 

So the only remaining question to determine the isomorphism type of So,e is whether xx is nonzero 
when expressing x g O as in (O). 
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For O of type B 2 in g, we see that O meets the maximal simple subalgebra ( = soglC) in F 4 in the 
orbit with partition [4^,1], while the orbit Oe meets I in the orbit with partition [3^]. So we may 
assume s c ( and consider <Son(,e- The centralizer of s in 1 remains 312 (C), so we may also assume that 
So = c(s) c l. Calculating S for s and so relative to 1, we find that only (2,4) occurs. Hence we can 
identify Som.e with So,e since both are dimension two. We conclude that xi = 0 in (ff.ll ). It follows 
that So,e =e + X{2, 4) ^ X(2). 

On the other hand, for the orbit O of type j42 +^i, we have to carry out an explicit computation 
in GAP. We find that both xi and X 2 are nonzero in (EH) and thus So,b = e + X(2,3,4), which is 
isomorphic to m by ^3.2.1| . 

Table 2. F 4 : Remaining relevant cases with eo minimal in [(s) 


e 

eo 

e + eo 

0 

c(s) 

(m^, Ui) for 
i ^ S- 

Isomorphism 
type of 

A2 

A\ 

242 + Ai 

A2 + Ai 

A2 

0 

at 

B3 

A2 

Fa(o.2) 

Fa{0'2) 

A\ 

0 

A\ 

A\ + A\ 

A2 

C^{ai ) 

A2 

Ai + A\ 

(2,4) 

Ai 

A2 + A\ 

A2 + A\ 

Fiiaa) 

A2 + A\ 

A\ 

(1,3), (2, 4) 

m 




B2 


(1,3), (2,4) 

Ai 

A2 + A\ 

A\ + A\ 

Fiiaa) 

Cz{o,i) 

A\ 

(1,3) 

m 


7.2. Remaining surface singularities. This section summarizes the calculations of the singular¬ 
ities of the minimal degenerations of codimension two, using the methods in 

For the cases in Proposition 3.3, we did not need to know whether a nilpotent orbit has closure 
which is normal to determine the singularity type of a minimal degeneration. Knowing the branching 
was sufficient. Indeed, the closure of the orbit B 2 is non-normal, but it was shown above that it is 
normal at points in the orbit A2+A1 since the singularity of that degeneration is of type Ai. Similarly 
for the orbit A 2 . The remaining non-normal orbit closures, of which there are three |Bro98b|, are 
detected through a minimal degeneration: either the closure is branched at a minimal degeneration 
(as for C 3 ) or is isomorphic to m at a minimal degeneration (as for Csja i) and fo r A 2 -l-.4i). In what 
follows we use the fact that the orbit ^ 4 ( 01 ) has closure which is normal | Bro98b to classify the type 
of its minimal degeneration. This is the only case where we need to know whether the closure is 
normal in order to resolve the type of a minimal degeneration in F 4 . 

(1) {0,0') = (Fi{ai),Fi(a 2 )). The even orbit F 4 (ai) is Richardson for the parabolic subgroup Q 
with Levi factor of type Ai and the resulting map p ■. G n(q) — >■ O is birational, hence a 
generalized Springer resolution. The hypotheses of Lemma ^. 8 | hold and b2{G/Q) = 3 . Since 
O' is the unique orbit of codimension two in O, it follows from §5.5 that there are 3 orbits 
of A{e) = 62 on the irreducible component s of p~^(e). On the other hand, there are a total of 
four irreducible components of p~^(e) by §5.4. Thus the singularity must be C3, given that 
O is normal. 

(2) (O, O') = (C3, ^4(03)). The orbit O is Richardson for the parabolic subgroup Q with Levi factor 
of type A 2 . The map p ■. G x'^ n(q) ->• O is birational, hence a ge nera lized Springer reso lution, 
since A{x) = 1 for x e O. If e e O', then A{e) = 64. By Lemma 5.5 and Corollary 5.6, there 
are 16 irreducible components in p~^{e) with two orbits under A(e). The number of orbits 
can also be deduced from §5.5. Looking at the possibilities for the dual graph, it is clear 
that O is non-normal and the normalization map u : O —^O restricts to a degree 4 map over 
O'. This also follows from |Sho8C| (§2.4). By Corollary |5.6| , there is a fixed component of 
7r"'^(j/) under the A(e)-action for y = ^-^{e). This implies that the singularity of O at j/ is G 2 . 
We show in §7.3 that So,e is isomorphic to 4 G 2 . In other words, the irreducible components 
of So,e are normal and hence each is isomorphic to G 2 . 
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(3) ( 0 , 0 ') = (B 3 ,Fi{a 3 )). The singularity is by §5.7. 


7.3. The dege nerat ion ( 03 ,^ 4 ( 03 )) is 4 G 2 . We now show each irreducible component of this slice 
is normal. By §4.4.5 the nilpotent Slodowy slice S of C 3 at A 2 contains an irreducible component 
isomorphic to the nilpotent cone ■ Recall e belongs to the A 2 orbit, with corresponding 0 ( 2 - 
subalgebra s. Let eo e c(s) be subregular nilpotent. Then a calculation shows that e' := e + eo lies 
in the ^ 4 ( 03 ) orbit in g and also that e' lies in the component of S isomorphic to A/g 2 - Hence the 
nilpotent Slodowy slice of C 3 at Fi(a 3 ) contains a component that is smoothly equivalent to the 
nilpotent Slodowy slice in 0 ( 0 ) of G 2 at G 2 ^i). But then this component must be isomorphic to the 
simple surface singularity D 4 by Lemma 5.3. Incorporating the symmetry of A(e') = 64 , the nilpotent 
Slodowy slice of C 3 at ^ 4 ( 03 ) is isomorphic to 4 G 2 . 


8 . Results for 

8.1. Details in the proof of Proposition |3.3| . In Table || we list the cases where Corollary O 
holds for eo in the minimal orbit of Eo. Here c( 0 o) is the semisimple part of a Levi subalgebra and has 
type Ao. The relevant nonzero nilpotent G-orbits are those that hav e no n-trivial intersection with 
c( 0 o). In the first line of Table ^ is the remaining case where Lemma 4.3 applies with x = e + eo for 
an element eo in a minimal nilpotent orbit of c( 0 ). This exhausts all minimal degenerations covered 
by the proposition with J = 0. There are only two cases where J 7 ^ 0, both of codimension two. 
The degeneration (A 3 , A 2 + 2 Ai) follows from working in the Levi subalgebra of semisimple type Do, 
similar to § [7.1.l| . The degeneration (A 3 +Ai, 2 A 2 +Ai) is similar to §EI 1 Details are given in Table 


Table 3. Ee: cases with eo g c( 0 ) of type Ai in g 


e 

e + eo G 

c( 0 ) 

Isomorphism type of <So,e 

Ai 

2Ai 

As 

as 

2Ai 

CO 

-B3 + Ti 

^3 

CO 

4 Ai = A2 

As + Ai 

Ai 

^2 

A2 + Ai 

2A2 

[2a2] + 

A.2 + Ai 

A2 + 2A1 

A2 + Ti 

02 

2A2 

2A2 + Ai 

Gs 

92 

A3 

A3 + Ai 

B2 + Ti 

^2 

A3 + Ai 

A3 + 2Ai = D 4 ,{ai) 

A3 + T3 

Ai 

A4 

A4 + Ai 

A3 + T3 

Ai 

As 

As + Ai = 

Ai 

Ai 


Table 4 . Ee: Remaining relevant cases with eo minimal in c(0) 


e 

eo 

e + eo 

0 

C{0) 

(mi,ni) for 
i £ £ 

Isomorphism 
type of <So,e 

E>4 

2Ai 

Ds(ai) 

£>5(01) 

A2 

0 

02 

A2 + 2A1 

A2 + 2A1 

D4(ai) 

A3 

Ai ATi 

(1,3), (1,3), (2, 4) 

Ai 

2A2 + Ai 

3Ai 

Di(ai) 

A3 + A1 

Ai 

(1.3) 

m 
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8.2. Remaining surface singularities, and an exceptional degeneration. The results are 
listed in Table In th e first fo ur entries of the table, we use th e fact that the larger orbit has 
closure which is normal 1 3 om 03 [ . The entry for {Ee{ai), D^) is from 


. 6 . 1 . The entry for (A4,04(01)) 


is 3C2 since the irreducible components are isomorphic and one of them is isomorphic to C2 from 
Table ^ Alternatively, it follows from working in the Levi subalgebra of semisimple type D5 and 
using Lemma 4.1 and [KP 82 |. The entry for (04,04(01)) is also clear from working in the Levi 
subalgebra of semisimple type O4. The degenerations (Oefoa), 05(01)) and (2A2,A2 + Ai) are both A2 
using larger slices (see Table |^). Note that the 2A2 orbit is unibranch at A2+ Ai, but its closure is 
not normal. 

The exceptional degeneration {2A2 + Ai, A2 + 2Ai) of codimension four is treated in [il 2 


Table 5 . Surface singularities using Eg 


Degeneration 

Induced from 

ttpi’s 

A(e) 

tt orbits of A(e) 


(£’6(0-1), £5) 

(Ai,0) 

5 

1 


^5 

{Dg, Eg{a3)) 

(2Ai,0) 

4 

S2 

3 

G3 

(£5(01), A4 + Ai) 

(A2 + Ai, 0) 

2 

1 


A2 

(A5, A4 + Ai) 

(D 4 , 32 H) 

2 

1 


A2 

(£4, £4(01)) 

(2A2,0) 

4 

S3 

2 

G2 

(A4, £4(01)) 

(A3, 0) 

9 

S3 

2 

3G2 


9 . Results for O7 


9.1. Details in the proof of Proposition |3.3| . In Table ^ we list the cases where Corollary 4.9 
applies. Here c(so) is the semisimple part of a Levi subalgebra and has type Dg. The relevant nonzero 
nilpotent G-orbits are those that have non-trivial intersection with c(so). In the first several lines 
of Table are the remaining cases where Lemma | 4 . 3 | applies with x = e + eg for an element eg in a 
minimal nilpotent orbit of c{b). 

The nine remaining cases (all of codimension two), involving e from six different G-orbits, are 
listed in Table ^ The cases where e is type A2 + 2Ai or 2A2 + Ai follow b y rest ricting to a subalgebra 


of type Eg. The case where e is type A5 + Ai proceeds as in Example 4 . 4 . 3 , The two cases where 


e is type Ds{ai) + Ai are similar to Example 4 . 1 . 5 . The three minimal degeneration s ly ing above 
the orbit A4 + A2 and the one above the orbit A3 -1- A2 -t Ai satisfy part ( 2 ) of Lemma Since all 


the rui are even for i e £, Corollary 4.7 gives that these four degenerations are Ai-singularites and 
satisfy the proposition. Still, we carry out an explicit computer calculation in GAP to show that 
both a;2 and X4 are nonzero for these degenerations, so that in each of these cases, So,e takes the 
form e + X(2, 4 , 6). The details are omitted. 

9 . 2 . Remaining surface singularities. The results using are collected in T able p|. We have 
used the fact that £7(01 ), ^7(02 ), E7(ag), Eg, Eg{ax) have closure which is normal |Bro 98 a, Section 


7 . 8 ]. The method from |Som 03 | can be used to show Dg has closure which is normal. The entry for 

Eor the three degenerations above E7{ag), the irreducible components 


(E7(ai), £7(02)) is from § | 5 . 6.2 
of <Sei,e are normal (see § 9 . 3 ). 

The remaining six minimal degenerations are unibranch, but either the larger orbit has non¬ 
normal closure or it is not known whether the larger orbit has closure which is normal. In all 
cases we are able to determine that the slice is normal and hence fully determine the singularity. 
The corresponding action of A(e) is determined using §||. The degeneration {Dg,Eg{a3)) is G3 and 
{Dg{ai),A4 + Ai) is Aj by restriction to Eg, see Table |^. The other four degenerations follow from 
Table O. 
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Table 6. Et: cases with eo g c(b) of type Ai in g 


e 

€ -\- €.q ^ 0 

c(0) 

Isomorphism 
type of So,e 

Ai 

2Ai 

Da 

de 

2Ai 

(3Ai)" 

B4 + Ai 

Ai 


(3Ai)' 

B4 + Ai 

64 

(3Ai)" 

4Ai 

F4 

u 

(3Ai)' 

4Ai 

C3 + Ai 

C3 


A2 

G3 +Ai 

Ai 

A2 

A2 + Ai 

^5 

4 

4Ai 

5A1 = A2 + Ai 

G3 

C3 

A2 + Ai 

A2 + 2A1 

A3 + Ti 

a+ 

A2 + 2A1 

A2 + 3A1 

Ai + Ai + Ai 

Ai 

A3 

(A3 + Ai)^^ 

B3 + Ai 

Ai 


(A3 + Ai)' 

B3 + Ai 

ba 

2A2 

2A2 + Ai 

G2 + Ai 

92 

(A3 + Ai)^ 

A3 + 2A1 

Ai + Ai + Ai 

Aa 


(A3 + 2Ai)^ = Z)4(ai) 

Ai + Ai + Ai 

Ai 

(A3+A1)" 

A3 + 2A1 

Ba 

ba 

D 4 {ai) 

D 4 {ax) + Ai 

3Ai 

[3Ad++ 

A3 + 2A1 

A3 + 3Ai = Z?4(ai) + Ai 

Ai + Ai 

Ai 

D4 

D4 + Ai 

G3 

C3 

D 4 {ai) + Ai 

D 4 [ai) + 2A1 = A3 + A2 

2 Ai 

[2A4] + 

A3 + A2 

A3 + A2 + Ai 

Ai + Ti 

Ai 

A4 

A4 + Ai 

A2 + Ti 

a+ 

D4 + Ai 

D4 + 2 Ai = Z) 5 (ai) 

Ba 

ba 

(^5)" 

As + Ai 

Ga 

92 

D 5 (ai) 

+ Ai 

Ai + Ti 

Ai 


(As + Ai)' = Ee(a 3 ) 

Ai + Ai 

Ai 

-^6(0-2) 

-^^6(^2) + Ai = E 7 (a 5 ) 

Ai 

Ai 

Da 

-O5 + 

Ai + Ai 

Ai 

D^^ax) 

DQ{ai) + Ai = E 7 (a 4 ) 

Ai 

Ai 

Da 

Dq + Ai = 

Ai 

Ai 


9 . 3 . Additional calculations: three degenerations above Ejiaa). The proofs are similar to 
the one in § 7.3 and proceed by first showing that a larger slice is isomorphic to the whole nilcone of 
a smaller Lie algebra. 

For (Ae.Eyfas)) and (D5 + Ai,Eyfas)), we first show that the degenerations (Ae,A'^') and {D5 + Ai,A'^) 
are both isomorphic to Aca- Then we use the fact that ET{a^) corresponds to the subregular orbit in 
Ga. The result follows, as in § 7 . 3 , since these singularities are unibranch. In more detail: let e be in 
the orbit A". Then c(s) is of type Ga. Let eo be a regular nilpotent element in c(s). Then e + eo lies in 
the orbit £7(04) and (mi,ni) = ( 4 , 6 ) for the unique element in S. The simple part of g'* is sogfC). Let 
Wi = (ad fy(M^) with M = eo G c(s) c S07 c sos ( ^ 4 . 4 . 4 ). Using GAP we showed that there is a unique 
scalar b 0 such that e + eo + bwt is in the orbit Aa, and similarly for D5 + Ai. The rest of the proof 
in § 4 . 4.5 applies to give the result. 

For the case of (Dofoi), ^7(05)), we first show that the degeneration (Dsiai), D4) has one branch 
which is isomorphic to Afcs- (There are two branches of Da(ai) above D4.) Let e be in the orbit D4. 
Then c(s) =5P6. Let eo be a regular nilpotent element in c(s). Then e + eo lies in the orbit E 7 (a 4 ) and 
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Table 7. E 7 : Remaining relevant cases with eo minimal in c{ 3 ) 


e 

eo 

e + eo 

0 

c{3) 

(mi, rii) for 
i £ £ 

Isomorphism type 
of So,e 

A2 + 2A1 

2Ai 

A2 

A2 

Ai + Ai +Ai 

0 

Ai 

A2 + 3A1 

2Ai 

2A2 + Ai 

2A2 + Ai 

G2 

0 

92 

2A2 

(SAi)" 

{A3 + Ai)^^ 

{A3 + Ai)" 

G2 + A1 

0 

Ai 

(^5)' 

( 3 Ai)" 

DQ{a 2 ) 

Dg(o, 2 ) 

Ai + Ai 

0 

Ai 

Do 

2Ai 

DQ(ai) 

De{^*i) 

Ai + Ai 

0 

Ai 

+ A\ 

2Ai 

E 7 { 0 -a) 

-S’? (0-4) 

Ai 

0 

Ai 

Aq 

A2 + 3A1 

^7(0-4) 

-^7(0^4) 

Ai 

0 

Ai 

Eeicio) 

(SAi)" 

£^7 (as) 

£^7 (as) 

Ai 

0 

Ai 

Eo 

( 3 Ti)" 

-S'? (0-2 ) 

-S’? (0-2) 

Ai 

0 

Ai 

A2 + 2 Ai 

A2 + 2A1 

D 4 (ai) 

A3 

Ai + Ai + Ai 

(b 3 )h( 2 , 4 ) 

Ai 

2A2 + Ai 

( 3 Ai)' 

Di{ai) 

(A3 + A1)' 

Ai + Ai 

( 1 . 3 ) 

m 

A3 + A2 + Ai 

A4 + A2 

£^7 (as) 

D4 + Ai 

Ai 

( 2 , 4 ), ( 2 , 8), ( 4 , 6) 

Ai 

A4 + A2 

A3 + A2 + Ai 

Eiiao) 

As + Ai 

Ai 

( 2 , 4 ), ( 4 , 6) 

Ai 




(45)' 


( 2 , 4 ), ( 4 , 6) 

Ai 




-C^ 5 (e'i) + Ai 


( 2 , 4 ), ( 4 , 6) 

Ai 

As + Ai 

( 3 j 4 i)' 


DQ{a 2 ) 

Ai 

( 1 . 3 ) 

m 

+ Ai 

2A2 


^0(0,3) 

Ai 

( 2 . 4 ) 

Ai 




Doiao) 


( 2 . 4 ) 

Ai 


Table 8 . Surface singularities using Et 


Degeneration 

Induced from 

ttpi’s 

4(e) 

tt orbits of A(e) 

S0,€ 

(E' 7 (ai ), £^7(a2)) 

(4i,0) 

6 

1 


Do 

(£?7(a2), £^ 7 (as)) 

(2Ai,0) 

5 

S 2 

4 

Ci 

{E^(a 3 ), Eo{a 3 )) 

((3Ai)'.0) 

5 

S 2 

3 

B 3 

{Eq^ EQ{a-i)) 

((3Ai)",0) 

6 

S 2 

4 

Fi 

(EQ^ai), £^7(a4)) 

(4Ai,0) 

4 

S 2 

3 

C 3 

{Dq, E7(a4)) 

(E)4,32H) 

4 

S 2 

3 

C 3 

(Ae, £^ 7 (^ 5 )) 

{A 2 + 3 A 1 ,0) 

4 

S 3 

2 

G 2 

{-Ds + Ai, E7{a^)) 

(2A2,0) 

4 

S 3 

2 

G 2 

{DQ{ai), _E7(as)) 

(A 3 ,0) 

12 

S 3 

3 

3 C 3 


g decomposes in ( [l. 5 |) as 

v{o, 10) © u(o, 6) © y(o, 2) © y(2, o) © y(6,4) © y(6, s) © y(io, 0), 

reflecting that cfs) decomposes under so as y(l0) © y(6) © y(2) and g^ (-6) decomposes under so as 
y(4) ©y(8), which is 14 -dimensional and as a representation of c(s) is V{uj2)- Also {mi,ni) = (6,8) for 
the unique element in €. 

The semisimple part of g'* is isomorphic to slelC). If we take M = eo, then g sle is nonzero since 
M is regular in sle- It cannot be in since only odd powers of M are. It satisfies [ho,M'^] = 8M^ 
and so it must b e a hi ghest weight vector in y(8) for so with respect to eo. Hence we can choose 
Wi = (ad/)^(M^) (§ 4 . 4 . 4 ). We checked using GAP that there is an x in the orbit De{ai) with 


fc = e + eo + bwi 
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with 6 ^ 0 . Since the elements C{s) ■ {eo + bwi) consist of pairs (M, M'*) e spg © = sle with 

M e spe nilpotent, the slice for (De(ai),D4) contains an irreducible component isomorphic to A/cs 
(the dimensions match). Since elements in the slice belonging to the i?7(a5)-orbit correspond to the 
subregular elements in A/cg, one branch of {De(ai), EY{a5)) is isomorphic to C3, hence the singularity 
is 3C3. 


10. Results for Es 


10.1. Details in the proof of Proposition |3.3| . In Table ^ we list the cases where Corollary 4.9 
applies. The centralizer c(so) is the semisimple part of a Levi subalgebra of type Ej. The nonzero 
nilpotent G-orbits meeting c(so) are those which app ear in the table. The first several lines of Table 
[1^ contain the remaining cases where Lemma | 4 . 3 | applies with x = e + eq for an element eo in a 
minimal nilpotent orbit of c{b). 

The remaining cases of the proposition, where J are listed in Table |l^ and include two non- 
sur face cases. All cases follow by restriction to a subalgebra or by using Lemma [4.6| and Corollary 
4.7 , except for the two degenerations above A4 + A3. We now discuss those two cases and the two 
non-surface cases, but omit the details for the other degenerations. 


10 . 1 . 1 . The degeneration (As -1- 2Ai,2A2 + 2A3). Here e is in the orbit 2A2 + 2Ai and c{3) = sp4(C). 
Let eo be in the minimal nilpotent orbit of c(s). In this case £ has one element corresponding to 

= ( 1 , 3 ). Consider the Levi subalgebra ( of type Eg + A^. Then without loss of generality 

e G ( (with nonzero component on the Ai factor) and eo 6 l (contained in the Eg factor). By the 

results for Eg, there is an x in the orbit O of type A3 + 2 Ai (in Eg) with a; = e + eo -I- ei for a choice 

of ei G 0^(-l) corresponding to ( 1 , 3 ). Moreover, writing c(3) = V(2a;i), then ei is a highest weight 
vector for a c(3)-module U( 3 tJi) c g^(-l). Hence 5 o,e = e - 1 - A'(2a;i, 3 i.ji) = m' since ( 4 . 4 ) holds and the 
singularity is unibranch. 


10 . 1 . 2 . The degenerations {A4 + Ai,D4{ai) + A2) and {2A3,Di{ai) + A2). Here c(3) = sl3(C). All the orbits 
meet the semisimple subalgebra I of g of type D5 + A3: Oe meets ( in the orbit [ 3 ^, 1 ] u [ 4 ]; A4 -1- Ai 
meets 1 in the o rbit [ 5 ,2^, 1] u [4]; and 2A3 meets [ in the orbit [ 4 ^, 1^] u [4]. Then just as in the case 
{B2, Aa + Ai) in § 7 . 1 . 3 , there exists x & 0 with x = e + eo + e2 for some ea G g^(- 2 ) corresponding to the 
pair ( 2 , 4 ), for O either of type A4 -1-Ai or type 2A3. Identifying c(0) with V(S} where 0 is a highest 
root of c(3), we have ea is a highest weight vector for a c(3)-module V(20) c 0 ^(- 2 ). Hence for both 
orbits So,B = e + X(d,20) ^ X(d), as desired (for two different choices of ea, related by a scalar). 


10 . 1 . 3 . The degenerations (A5 + Ai, A4 -1- A3) and (D5(ai) -1-Aa, A4 + A3). Corollary 4.7 applies, but is 
not sufficient to pin down the singularity, so we carry out an explicit computation. In both of these 
cases, e lies in the orbit A4 -1- A3, for which c(s) = sla(C). This case is a more complicated version of 


§ 7 . 1.3 in E4. Using the information in LTll, p. 146 ] (adjusted for sign differences in GAP), let 
e = +6fc3 +6fc4+4:fc2 + 3 fce + 4 :fcj+ 3 fcg), / = and h=[e,f]. 


A nilpositive element in cfa) is 


eo-26 1122211 ® 1232110 


■ 2e 


0122221 

1 


'1232100 

2 


'1222210 ^ 1222111 ’ 
1 1 


embedded in an sla-triple {eo, ho, fo} for 0(0). Then the three elements in £ correspond to {(1,3), (2,4), (3,5)}. 
The spaces g^(-1), gi(-2) and gi(-3) contain highest weight modules for 0(0) with respective highest 
weights 3 , 4 and 5 , and highest weight vectors: 

=^2443210 “®1343211 +^1243221 “®1233321’ = ^2454321 +^2354321’ = ^2465432- 

2 2 2 2 2 3 3 
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Table 9. Eg: cases with eo g c(5 ) of type Ai in g 


e 

e + fio £ 

c(s) 

Isomorphism 
type of So,e 

^1 

2Ai 

Ej 


2 Ai 

3 Ai 

Be 

be 

3 Ai 

4 Ai 

F4 + Ai 

U 


A2 

E4 + Ai 

Ai 

^2 

A2 + Ai 

Eq 

e+ 

4 Ai 

5 Ai = A2 + A1 

Ci 

C 4 

A.2 + Ai 

A2 + 2A1 

A3 


A2 + 2A1 

A2 + 3 Ai 

B3 + Ai 

bs 

A2 + 3 Ai 

A2 + 4 Ai = 2A2 

G2+A1 

Ai 

A3 

A3 + Ai 

Be 

be 

2A2 

2A2 + Ai 

2G2 

[232] + 

2A2 + Ai 

2A2 + 2A1 

G2 + Ai 

92 

A3 + Ai 

A3 + 2A1 

B3 + Ai 

be 


(A3 + 2A1)" = D4{ai) 

Eg + Ai 

Ai 

A3 + 2Ai 

A3 + 3A1 = Z) 4 (ai) + Ai 

B2 + Ai 

62 

Di{ai) 

D 4 {ai) + Ai 

Di 

(ij+ 

D 4 (ai) + Ai 

D 4 [ai) + 2A1 = A3 + A2 

3 Ai 

[ 3 Ai]++ 

A3 + A2 

A3 + A2 + Ai 

£2 + £ 

62 

A3 + A2 + Ai 

A3 + A2 + 2A1 = Z) 4 (ai) + A2 

Ai + Ai 

Ai 

A4 

A4 + Ai 

A4 

4 

D4 

D4 + Ai 

Fi 

u 

D4 + A\ 

Z ?4 + 2A1 = Z)5(ai) 

C3 

C3 

A4 + Ai 

A4 + 2A1 

A2 + Ti 

at 

Z)5{ai) 

D3{a\) + Ai 

A3 

at 

A4 + A2 

A4 + A2 + Ai 

A\ + Ai 

Ai 

+ A\ 

+ 2A1 = D4 + A2 

Ai + Ai 

Ai 

A3 

A5 + Ai 

G2 + Ai 

92 


As + Ai = _E6(a3) 

G2+A1 

Ai 

A3 + Ai 

As + 2A1 = £/6(a3) + Ai 

Ai + Ai 

Ai 

Eg (ag) 

EQia 3 ) + Ai 

G2 

92 

^6(Q'2) 

-D 6 {( 3 ' 2 ) + Ai = £^7 (as) 

2 Ai 

[ 2 Ai] + 

E5 

£5 + A\_ 

Be 

^3 

-£’7(^5) 

£7 (as) + Ai = £ 8 (a 7 ) 

Ai 

Ai 

-D5 + 

£s H“ 2A1 = £6(ai) 

Ai + Ai 

Ai 

DQ{ai) 

DQ{ai) + Ai = £ 7 (a 4 ) 

2 Ai 

[ 2 Ai] + 

Aq 

Aq + Ai 

Ai + Ai 

Ai 

E 7 ia 4 ) 

£ 7 (a 4 ) + Ai = £5 + A2 

Ai 

Ai 


£5(^11) + Ai 

A2 

a+ 

Ee 

Dq + Ai = £ 7 (a 3 ) 

B2 

62 

Eq 

£6 + Ai 

G2 

92 

Ej(a3) 

£7(0-3) + = £7(01) 

Ai 

Ai 

-£’7(^2) 

£7(02) + Ai = E^ibQ) 

Ai 

Ai 

_E' 7 (ai) 

£7(01) + Ai = £3(^)4) 

Ai 

Ai 

Ej 

£7 + — £8(03) 

Ai 

Ai 










































































































































38 


BAOHUA FU, DANIEL JUTEAU, PAUL LEVY, AND ERIC SOMMERS 


We checked in GAP that 

e + Go + 362 lb (2ei + 463) G + A2, and 

6 + 63 — ■|e2 ib — ^63) S A5 + j 4 i. 

Hence in both cases So,e = e + X{2, 3 , 4 , 5 ) = X(2, 3 ) = m. 

Table 10. Ea: Remaining relevant cases with eo minimal in c(s) 


e 

^0 

e + eo 

0 

c{ 3 ) 

{mi,ni) for 
i £ £ 

Isomorphism 
type of So,e 

2A3 

2 Ti 

A4 + 2A1 

A4 + 2A1 

B2 

0 

b2 

D4 + A2 

2Ti 

+ A2 

De{ai) + A2 

A2 

0 

a+ 

^6 

A2 + 3 Ai 

Ej{a4) 

-^7(0-4) 

Ai + Ai 

0 

Ai 

At + 2Ai 

2yli 

A4 + A2 

A4 + A2 

Ai+Ti 

0 

Ai 

Aq + Ai 

A2 + 3 Ai 

D5 + A2 

De + A2 

Ai 

0 

Ai 

A7 

4 y 4 i 

Es {be ) 

^8(60) 

Ai 

0 

Ai 

Dj 

2Ti 

Eg (as) 

Eg (as) 

Ai 

0 

Ai 

A2 + 2^41 

A2 + 2Ai 

D 4 ,{ai) 

A3 

E3 + Ai 

(b 3 )«,( 2 , 4 ) 

Ai 

2A2 + Ai 

3 Ai 

Di{ai) 

A3 + Ai 

G2-bAi 

( 1 , 3 ) 

m 

2A2 + 2A1 

3 Ai 

D 4 {a\) + Ai 

A3 + 2A1 

B2 

( 1 , 3 ) 

m' 

-As + A2 + Ai 

A4 + A2 

E7 (as) 

D4 + Ai 

Ai + Ai 

( 2 , 4 ), ( 2 , 8), ( 4 , 6) 

Ai 

Z? 4 (ai) + A2 

A2 + 2Ai 

A4 + 2Ai 

2A3 

A2 

( 2 , 4 ) 

a+ 




A4 + Ai 


( 2 , 4 ) 

a+ 

A4 + A2 

A3 + A2 + Ai 

E7 (as) 

As 

Ai + Ai 

( 2 , 4 ), ( 4 , 6) 

Ai 




-D5(ai)+Ai 


( 2 , 4 ), ( 4 , 6) 

Ai 

+ Ai 

2A2 

E7 (as) 

Eeias) 

Ai + Ai 

( 2 , 4 ) 

Ai 

A4 + A2 + Ai 

A3 + A2 + Ai 

Es (0.7) 

Z ?4 +A2 

Ai 

( 1 , 5 ), ( 2 , 4 ), 

( 3 , 5 ), ( 4 , 6) 

Ai 

A4 + A3 

2A2 + 2A1 

Es (0.7) 

A5+A1 

Ai 

( 1 , 3 ), ( 2 , 4 ), ( 3 , 5 ) 

m 




-D 5 (ai)+A 2 


( 1 , 3 ), ( 2 , 4 ), ( 3 , 5 ) 

m 

A5 + Ai 

3 Ti 

Et (as) 

De{a2) 

Ai + Ai 

( 1 , 3 ) 

m 

+ A2 

A2 + 2A1 

Es (a?) 

Ee{a3)-\-Ai 

Ai 

( 1 , 3 ), ( 2 , 4 ) 

m 




De{a2) 


( 1 , 3 ), ( 2 , 4 ) 

Ai 

+ Ai 

3 Ti 

Ea{aj) 

E 7 {a 5 ) 

Ai 

( 1 , 3 ) 

m 

Eq + Ai 

3 Ti 

Eaiba) 

E 7 {cL 2 ) 

Ai 

( 1 , 3 ) 

m 


10 . 2 . Remaining surface singularities, and an exceptional degeneration. The results using 
are coll ected in Table ^ We use the fact that Es, EsIqi ), Es(a2), Esias), Es{ai) have closure which 
is normal | Bro 98 a , Section 7 . 8 ]. The method from | 3 om 03 | can be used to sh ow E7,Es{bi), and Eglas) 
have closure which is normal. The entry for {Ea{ai), Es{a2)) is from § 5 . 6 . 3 . That each irreducible 
component of (Delai), Esla?)) and {Ae,Ea{a7)) is G2 follows from the fact that the degeneration {Es,Di) 
contains a branch isomorphic to the nilpotent cone in F4, and then from the results in E4. 

There are 19 other cases. For nine of them, the degenerations are unibranch, but either the larger 
orbit has non-normal closure or it is not known whether the larger orbit has closure which is normal. 
Nevertheless, in these cases we are able to show that the slice is normal and hence fully determine 
the singularity. The action of A(e) is determined using §|[ The degeneration (D5, Eeias)) is C3 and the 
degeneration (D5(ai), T4+T1) is Ai, both by restriction to Ee (see Table p^) . The other degenerations 
follow from Table |^. For the other ten cases, the result is determined up to normalization. In 
four of these cases, the orbit closure is known to be non-normal; (EtIqi), ^8(65)), (^7(03), Eelai) + 
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Ai), (^ 7 ( 02 ), D 5 + Ai),(D 6 ,-D 5 + A 2 ). The latter three are unibranched. The orbit closures, and hence 
the slices, for the other six are expected to be normal. We use (y) to denote a singularity with 
normalization Y. 

The exceptional degeneration (A 4 + A 3 , A 4 + A 2 + Ai) of codimension four is treated in § |T^ . 

Table 11. Surface singularities using §||: Eg 


Degeneration 

Induced from 

ttpi’s 

A(e) 

tt orbits of A(e) 


(Es(cii), Es(ci2)) 

(,4i,0) 

7 

1 


Ev 

(Es(a 2 ), Esiag)) 

(2Ai,0) 

7 

52 

6 

Ce 

(Eslag), Es(a 4 )) 

(3Ai,0) 

6 

52 

4 

E4 

(Es(a 4 ),Es(b 4 )) 

o' 

5 

52 

4 

C4 

(Eg(ag),Es(bg)) 

(A2 + 3 Ai , 0) 

4 

53 

2 

G2 

(Er(a4),Eg(bg)) 

(A3, 0) 

18 

53 

5 

3(^5) 

(Es(bB),Es(ae)) 

( 2 A 2 + Ai,0) 

4 

53 

2 

(G 2 ) 

(-^ 7 ( 0 , 3 ), -E'eCo-i) + Ai) 

(De,3=2=D) 

4 

52 

2 

(A|) 

(Z)7(a2), D5 + A2) 

(2A3,0) 

3 

52 

2 

(G 2 ) 

(E,,Eg{b 4 )) 

(D4,32M) 

6 

52 

4 

F4 

(D-!, Eg{ag)) 

(D4 + A2, 32^1 + 0 ) 

4 

53 

2 

(G 2 ) 

{Es{b4),Eg{ag)) 

(A2 + 2 A 1 , 0 ) 

4 

52 

3 

G 3 

(£^ 7 ( 02)1 Dj{ai)) 

(D 5 ,32=13) 

5 

52 

3 

(Be) 

{DAai),Eg{bg)) 

(^3 + A2, 0) 

3 

53 

2 

(G2)=/1 

{Eq + Ai, Es{bQ)) 

(Eq, 2A2 + Ai) 

4 

53 

2 

(G 2 ) 

(At, Dt(o.2)) 

(D 5 + A 2 , 32=13 + 0) 

2 

52 

1 

(At) 

(EQ(ai) + Ai, 1 ^ 7 ( 02 )) 

(Et, A 4 + Ai) 

2 

52 

1 

(At) 

(Dq, + A2) 

(D6,32n) 

3 

52 

2 

(C2) 

(Del'll), Es(a 7 )) 

(A 5 , 0) 

40 

55 

2 

IOG 2 

(Aq, Esiar)) 

(D4 + A 2 , 0) 

20 

55 

2 

5 G 2 


Table 12 . 


Some surface cases where Lemma 4.1 can be applied 


0 

e 

x^O 

subalgebra 


Et, Eg 

^6(0,3) 

Dg 

Eq 

Gg 

Ej, Es 

A4 + Ai 

D5(ai) 

Eq 

At 

Et, Es 

A3 + A2 

A4 

Da 

G2 


11 . Slices related to entire nilcones 


The main goal of the paper was to study So,s for a minimal degeneration. Many of the same ideas 
can be used to show that So,e has a familiar description when the degeneration is not minimal. In 
particular, there are many cases where So,e is isomorphic to the closure of a non-minimal orbit in a 
nilcone for a subalgebra of g or is isomorphic to a slice between two orbits in such a nilcone. Rather 
than listing all these cases here, we write down some cases where So,e, or one of its irreducible 
components, is isomorphic to an entire nilcone. Some of these were used to show in the surface case 
that So,e, or an irreducible component of So,e, is normal (e.g., starting with §7.3). These examples 


are relevant for the duality discussed in §1.9.4, to be explored in future work. They are also examples 
where C(b) acts with a dense orbit. 
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11.1. Exceptional groups. The results are listed in Table |l^. The notation A/x refers to the 
nilcone in the Lie algebra of type X. The proofs use Lemma 4.3, usually for x 5 ^ e + eo, and often 
require a computer calculation. 


Table 13. Slices containing a smaller nilcone 


0 

Degeneration and nilcone 

Fi 

(S3, A2) = Mg 2 


(C3, A2) D Ag'2 

Ee 

(Se (0.3)1 S4) = A/*A2 


(A4, A3) D A/c2 


( 2 A 2 ,A 2 ) = [ 2 A/'a 2 ] + 

E-r 

(£^7(04), S5) = M'ZA-i 


(S6(oi), D4) D A/cs 


(£ 7 ( 05 ), A5) = A2A1 


{As,A'f)=AfG^ 


(D5 + Ai, A'f) = A/g2 


{A4 + A2, A4) = 


(S4, A2 + 3A1) = -^02 


{D4, 2A2) = A/g2 


(S4(ai) + Ai, (A3 + Ai)^) = M2AX 


(A'',A 3 ) DWb3 

Es 

{Eaia^), Eg) = Mg -2 


(Esiae), De) = A/cj 


{Eq, D4) D Mf4 


(S5 + Ai, As) Z) A/g2 


(Ae, EeiaA) D JVg2 


{Ds{ai), E^{a 3 )) D A/gj 


{Eeibe),E 3 {ar))=M+^ 


(A4, A3 + 2A1) Z) Afc 2 


{D4 ,2 A2 ) = 2A/g2 


11.2. Slices isomorphic to entire nilcones: two slices in These two examples are special 
cases of isomorphisms discovered by Henderson [Henl4| using Maffei’s work on quiver varieties 
[Maf05|. Here we give direct proofs that fit into the framework of Lemma 4.3 and §4.4. We are 
grateful to Henderson for bringing these examples to our attention. 


11.2.1. First Slice. It is slightly more convenient to work in g = gl^j,. Assume n > 2 and fc > 1 . 
Consider the nilpotent orbit O' with partition [n’°]. Write k = pin + 1) + g with 0 < q < n + 1, which 
gives kn = (pn + g — l)(n + 1) + (n + 1 — q) for maximally dividing fcn by n + 1 . Let O be the nilpotent 
orbit with partition [(n+l)r"+«“bn+l-g], which is a partition of kn. Then O' c O by the dominance 
order for partitions. Moreover, X eO implies = 0 and O is maximal for nilpotent orbits in g(„fc 
with this property. 


Proposition 11.1. |Henl4, Corollary 9.5] Let e e O'. The variety Sc 


is isomorphic to 


T:={y egh I Y"+^ = 0}. 


In particular, So,e is isomorphic to the closure of the nilpotent orbit in gl^ with partition [(n + l)p,g], 
which is the whole nilcone when k <n+l. 
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Proof. Let h be the k x k identity matrix. Define e = (ey), h = (/ly ), and / = (/y) to be n x n-block 
matrices, with blocks of size fc x fc, as follows: 

_\j{'n'-j)Ik i = j + l _ i (2i-n-l)Ik i=j _ j i = * + l 

lo else lo else lo else 

The Jordan type of e and / is [n'=], and so e, / g O'. The elements {e,h,f} are a standard basis of 
an sb-subalgebra 3 , as in the fc = 1 case. Also, as in the k = 1 case, the centralizer consists of 
n X n-block matrices Z = (ziP of the form 


Zij 


Yj-i j > i 
0 otherwise 


for any choice of Yo,Yi,... ,Y„-i e g^. We abbreviate this matrix by Z{{Yi}). In particular, [(«) — sh 
consists of the matrices of the form Z{{Y, 0,..., 0}). 

We are interested in 

:=<SenO = 5en{XGg I X"+i = o}, 

where as before Se = e + gP Let M = e + Z({Yi}) e S^. Set Yq = -^Y for a fixed matrix Y for reasons 
that will become clear shortly. Since M"+i = 0, we can find constraints on the entries of M"+L The 
(n, l)-entry of is equal to rli + sYf where r is a sum of products of the coefficient in e, hence 

nonzero. Thus rYi - 1 - sYf = 0 and Yi is proportional to Y^. Given this fact, the (n,2)-entry of M"+'^ 
is equal to r'Y 2 + s'Yf where r' is nonzero. Hence Y 2 is proportional to y^, and so on. In this way, 
we conclude that y = CiY^+'^ for all i = 0,1,2,..., n - 1, where the Ci e C are uniquely determined 
constants (which depend on n, but not fc). Consequently M e So,e takes the form e + Z({ciY*+'^}) for 
some y. We were not able to hnd a general formula for the cfs, but in all cases that we computed, 
the Ci’s were nonzero, which we expect to be true in general. 

Now let + aiT"-~' e C[T] be the characteristic polynomial for the nx n-matrix e+Z{{cih}) in 

the fc = 1 case. A direct computation with block matrices then shows that p(T) := T'" + aiY'T"-' 
is the characteristic polynomial of M, viewing M as an n x n-matrix over the commutative ring C[y], 
where Y acts by simultaneous multiplication on each of the block entries of M. By the Cayley- 
Hamilton Theorem over C[y], it follows that p(M) = 0. In fact, p{T) is the minimal polynomial of M 
over C[y]. Indeed, for 1 < i < n - 1, the i-th block lower diagonal of M' consists of non-zero scalar 
matrices while everything below that diagonal is zero. Thus M cannot satisfy a polynomial of degree 
less than n over C[y]. 

The next step is to show that y"+i must be the zero matrix. Since p(M) = 0, 


0 = Mp{M) - biYp{M) = - aiai_i)y‘M’*-‘+^ - aia„y"+L 


Since the minimal polynomial of M over C[y] has degree n, it follows that (a; - aiai_i)Y' = 0 for 
i = 2,...,n and aia„y"+^ = 0. Note that ai = 1 by taking the trace of M since cq = - A Now if 
yn+i ^ then recursively ai = a\ = 1, but also aia„ = a„ = 0, a contradiction. Similarly, if y* = 0 
and y^“i 0 for some i < n + l, then at = a* = 1 for i = 1,2, ...,£— 1. We conclude that all elements 
in take the form e + Z{{ciY*}) where y"+i = 0. Hence So,e is isomorp hic to a subvariety of y 
via restriction ng of the natural projection c(3) by the argument in § 4.4.4 . Now So,e and T 

both have dimension + 2pqn + p'^n + —q, and the latter variety is irreducible; hence tto gives an 

isomorphism of So,e onto y. 

One consequence is the following: since the cfs, and hence the ads, are independent of fc, choosing 
k > n, we deduce that all ai = 1 , an interesting fact in its own right. □ 


Remark 11.2. Fix yg = eo G c(3) in the orbit [(n+l)r,(j] and Y = -nYg. In the notation of §4.4, the vector 
Z({0 ,... ,0, y*+L 0,..., 0}) corresponds to the pair (i,i + 2), whi ch li es in £ when 1 < i < min(n, fc-1). The 
proof shows that there is an a; g O that can be written as in (0) with Xi := CiZ({ 0 , ..., 0 , y‘+b 0,..., 0}) 
where 0 < i < min(n, fc - 1) and such that holds. 
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11.2.2. Second Slice. Next, let O be the orbit in with partition [(n +fc -1, (n- Then again 
e eO. The elements in O correspond to matrices which are nilpotent and which have rank(M*) = 
k(n — i) for i = 1, 2, ..., n — 1. 


Proposition 11.3. |Henl4, Corollary 9.3] The variety So.e is isomorphic to the nilcone in gl^, 


Proof. Up to smooth equivalence, this result is a consequence of [ KP81 , by cancellation of the first 
n - 1 columns of the partitions for O and O'. Here, we show that, in fact, So,e = which also 

follows from | Henl4 , Corollary 9.3]. 

Keep the notation from the proof of the previous proposition. Let M e 5e satisfying the rank 
conditions rank(M‘) = k{n — i) for i = 1 , 2, ..., n - 1 . The last rank condition is rankfM"-”^) = k. The 
bottom, left 2 x 2-submatrix of consists of “xq)) with each of r,s,t positive, since the 

coefficients of e are positive. Multiply the last row by -Yo and substract it from the second-to-last 
row to zero out the (n - 1, l)-entry. Then since rank(t/fc) = k, it follows that for rank(M"-'^) = fc to 
hold, necessarily the second-to-last row must be identically zero. In particular, the (n — 1,2)-entry is 
zero, that is, Yi is a scalar multiple of Yf. Continuing in this way for the smaller powers of M, we 
conclude that U = diYf for some di e C, as in the previous proposition. 

Next a direct computation shows that has entry (n, 1) which is a scalar multiple of Yf and 

all other entries are scalar multiples of YJ" for m > k. If any of these scalar multiples are nonzero, 
then since = 0, it follows that Yo is nilpotent, whence Yf = 0 since Yo e gl^. These multiples 

are independent of k. The fc = 1 case implies that the entries in cannot all be zero unless all 

di =0 since e is the only nilpotent element in Se. We have therefore shown that So.e is contained in 
a variety isomorphic to the nilcone of gl^. By dimension reasons, this must be an equality as in the 
previous proof. □ 


11.2.3. Example. An example of the first proposition is the degeneration [ 2 ^] < [3^] and of the second 
proposition is the degeneration [2^] < [ 4 , 1 ^], both in sfc. Both slices are isomorphic to the nilcone 
of sb. In this setting, the common intermediate orbit [ 3 , 2 , 1 ] corresponds to the minimal nilpotent 
orbit in 0 ( 3 . Upon restriction to sp^, the slice becomes isomorphic to the nilcone in S 03 , which is of 
type Ai. This gives another proof of §4.1.5, one which does not require knowing that either [3^] or 
[ 4 , 1^1 have closures which are unibranch at [ 2 ^]. 


12. The remaining additional singularities 

The singularities p, and 02/62 will be discussed in subsequent work. Here we discuss the minimal 
degenerations ( 2 A 2 + Ai,A 2 + 2 Ai) in Eg and (A 4 + As,A 4 + A 2 + Ai) in Eg and show that they are 
singularities of type t and Xj respectively. Both cases are related to showing that a larger slice is 
the cover of the nilcone in a smaller Lie algebra (compare this with the cases in jpdj). For the case 
in Ee, we show for the degeneration { 2 A 2 + Ai,A 2 ) that the slice is isomorphic to the affinization of 
a 3 - fold cover of the regular nilpotent orbit in sLfC) ® sLfC). For the case in Eg, we show for the 
degeneration (A 4 + Ag,A 4 ) that the slice is isomorphic to the affinization of the universal cover of the 
regular nilpotent orbit in sLfC). 


12.1. Preliminaries. We start with a lemma that extends the results in §4.2. The lemma intro¬ 
duces an alternative transverse slice to some orbits, slightly different from the Slodowy slice. This 
alternative slice will facilitate the determination of the singularities of the two degenerations in this 
section. It will also be used in subsequent work for other, non-mimimal degenerations. Since this 
slice is different from the nilpotent Slodowy slice, we are not able to determine the isomorphism type 
of the nilpotent Slodowy slice, and thus the results in Theorem 1.2 are stated only up to smooth 
equivalence. 


Lemma 12.1. Let e be a nilpotent element in g, and let s := {e,h,f) be an sl 2 -subalgebra containing 
it. Next, let eg be a nilpotent element in c{s), and let so := {eo,ho,fo) be an ah-subalgebra of c{s). 
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Suppose condition (4^) is satisfied: 


dimC(s) • Eq = codim^ 


e + BQ 


Oe. 


Then 


<S'+eo := e + eo + c(s)* ffi ^ 0^ (i) 


is a transverse slice in 0 to Oc+eo o,t e + eo, where 0-^(i) denotes the ad h-eigenspace for the eigenvalue 


i in 04 . 


Proof. Decompose 0 under 3 © 3 o as in (^). Then by Proposition O, the dimension hypothesis 
ensures that the summands satisfy mi > Ui whenever mi > 0 . 

Let V(m,n) be such a summand with m > n and m > 0 , and conside r th e action of 3 © 3 o on 
V(m,n). Then dimker/ = n + 1 and dimker/o = m + 1 . As discussed in § 4 . 3 , 
into n + 1 irreducible representations under the action of the 3(2 


V(m,n) decomposes 
-subalgebra {e + eo,h + ho, f + h)- 


Therefore dimker(/ + /o) = n + l and so dimker/ = dimker(/ + /o). Now ker / n Im(e + eo) = {0} On V(m,n). 
Indeed, if [e + eo,y\ e ker/, then write y = J^ijUi,] in the common eigenbasis for h and hg, where 
i,j e Z. If y-rn,-n 7 ^ 0, then [e + ea,y\ has nonzero component on the (—m + 2, —n)-eigenspace since 
m > 0. This contradicts [e + eo,y] G ker/, since ker / coincides with the (—m)-eigenspace of h; hence 
= 0. Repeating this argument for y-m+ 2 ,-n. and then y-m,-n +2 shows that they are both zero. 
Continuing inductively along the diagonals, we get y-m.,i = 0 for all i. Thus [e + eo,j/] g ker / only if 
[e + eo,y\ = 0, as desired. It follows that Im(e + eo)ffiker/ is a direct sum decomposition of V{m,n) since 
dimker / = dimker(/ + /o). 

On c(3), which is the direct sum of those vffifm with m; = 0 , we clearly have c(3) = Im(e + eo)ffic(3)4o 
since s acts trivially. Therefore, ®Z!i<o 0 ^(*) is a complementary subspace to [e + eo, 0 ] in 0 , and 
we are done. □ 


Let ( 0 , 0 ') be either (2A2+Ti,A2 + 2Ai) in type Be or (A4 + A3, A4 + A2 + Ai) in type Eg. Let O" be 
the A 2 orbit in the Be case and the A 4 orbit in the Eg case. Let e g C>". 

Our strategy to study the singularity of O along O' is to first describe So.e- In both cases, there 
exists x G O of the form in ( [4.lD such that (4.2) holds with xo G c(s) regular nilpotent. Hence, So.e has 
a dense C( 3 )-orbit, and this allows us to describe So.e in a concrete way. Of independent interest, 
So.e is the affinization of a cover of the C(3)-orbit through xo, so unlike in j |ri| , the projection to c( 3 ) 
of a branch of So.e is not an isomorphism. The next s tep is to show for eo in the unique C( 3 )-orbit 
of codimension four in the nilcone of c( 3 ) that Lemma 12.1 applies. This allows for the singularity 
in question to be studied by studying OnS'^^ , which is manageable since 5 '^,, c <Se = e + 04, and 


therefore OnS!,j_,„ = So.e 0 5'.,.,,^, so it is enough to work completely inside the concrete So.e- 

+ Xo + xi + ... + Xm as above, our 


-'e + eo’ O e + eo 

3e+eo =-40,,, + 

Set Z = C(s) and 3 = c( 3 ). Having found x e O oi the form 
approach then consists of the following series of steps: 

1. Describe the (elosure of the) set of elements in Z ■ xo which are in eg +fi°. 

2. For eaeh yo £ Z ■ xg found in step 1 , find an element z £ Z sueh that z ■ xg = yg. 

3. With z as in step 2, determine the values of z-x^, z-x 2 etc. 

Then since Z - a; is dense in So.e, we arrive at a parametrization of 0 0 5+,^. 


12.2. ( 2 A 2 + Ai,A 2 + 2Ai) in Ee. Recall O" is of type A 2 . We choose e g O" and the rest of 3 as 
follows: 

e. = Gag -t- c 32321 ’ f ~ ‘^f‘^2 ”^^•^ 12321 ’ ^ ~ 

1 1 

Then 3 ^ 3(3 ©SI3, with basis of simple roots {oi, «3,05, oe}. Let li be the subalgebra of 3 with simple 
roots {01,0,3} and let (2, with simple roots {05,03}, so that 3 = tiffib. Similarly, Z° = LixLg = SL3 x SL3, 
where Lie(Li) = q and Lie(L2) = I2, and Z/Z° is cyclic of order 2 , generated by an element which 
interchanges Li and Lg. 
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The Z-orbit structure of Mij) is therefore as follows: there is a unique open orbit, which is also 
connected. We call this the regular orbit. Its complement in Af{}) has two irreducible components 
permuted transitively by Z/Z°, and a unique open Z-orbit, which we call the subregular orbit, 
consisting of pairs (x,y) where one of x,y is regular nilpotent, and the other is subregular, in SI 3 . 
The closure of this orbit contains the Z-orbit of all pairs {x,y) where both x and y are subregular 
nilpotent elements of SI 3 . There are three further Z-orbits with representatives (a:, 0 ), as x ranges 
over all Jord an typ es in SI 3 . 

We recall |LT11, p. 81] that (-2) = C/ ® U ® IT where V is isomorphic to the tensor product of 
the natural representation of Li with the dual of the natural representation of L 2 , and W = V*. The 
only other non-trivial space g-^(—«) is g^(—4), which is one-dimensional. Moreover, vi := Zfp where 
/3 = 01210 jg highest weight vector in V and wi := is a highest weight vector in W, relative 

to the choice of simple roots above. With respect to the Z°-action, we identify V (respectively, w) 
with the space of 3 x 3 matrices, on which {g, h) & Li x L 2 acts via 

(3, h) ■ M = gMh~^ (respectively, (3, h) ■ M = hMg~^), 

and we identify and wi with the matrix with 1 in the top right entry, and zero everywhere else. 

Let ei = 60 ^+ 03 , 62 = ecg+cg, 61 = 6 cj + 6 ^ 3 , 62 = 6^3 + 6 ag. Let xq '■= 61 + 62 , whlch Is a regular 
nilpotent element in 3 and let 60 := 61 + 62 . Then 60 satisfies the dimension hypothesis (4.4) and so 
we can apply Lemma 12.1 to it. On the other hand, for xo the situation in §4.4 applies: 


Lemma 12.2. The element 


lies in So.e n O. Thus So,e = Z° •: 


X -.= e -\- Xq -\- V-]_ -\- W-]_ 


Proof. We verified by computer that x e O. The last part follows, as in Ig 
Z° ■ Xq have dimension 12, and So,e is irreducible since O is unibranch at e. 


. 1.2 


since both So,, 


and 

□ 


We note that xq is in the regular nilpotent Z-orbit in 3 and 61 + 62 and ei + 62 both lie in the 
subregular nilpotent Z-orbit so that Z ■ xq d Z • (ei + € 2 ) D Z ■ 60 . Moreover, we observe that 6 + 61+62 
and 6 + 61+62 both belong to O n So,e. This fact can be used to give a conceptual proof of the 
previous lemma. It is also useful for the next proposition. 

The centralizer (Z°To of xq in Z° is generated by its identity component, a unipotent group 
of dimension four, and the nine scalar matrices in the center of Z° = SL 3 x SL 3 . Let U be the 
index 3 subgroup of this centralizer containing the central cyclic group |i e {0,1,2}}, where 

uj = Let p : So,e J^ii) be the restriction of the Z-equivariant projection of 6 + g^ onto 3 . By 

the previous lemma, p is surjective onto the nilpotent cone Af{i) in 3 . The next proposition is not 
needed in the proof of the main result, but is of independent interest. 


Proposition 12.3. The slice So,e is isomorphic to the ajfinization of the 3-fold cover Z° jU of the 
regular nilpotent orbit Z° ■ xq in s( 3 (C) ®s( 3 (C), and hence is a normal variety. Moreover, p is finite 
and is an isomorphism when restricted to the complement of Z° ■ x. Finally, So.e (and hence the 
affinization) is smooth at points over the subregular Z-orbit in W( 3 ). 


Proof. For dimension reasons the identity component of U acts trivially on vi and wi. A pair of 
scalar matrices acts on V and W by the scalars and respectively. Hence the 

subgroup of (Z°)^o that acts trivially on x is exactly U. This shows that Y := Z° ■ x identifies with 
the 3-fold cover Z° jU of the regular orbit Y ■.= Z° ■ xq in 3 . 

Now the regular functions C[<So,e] on So,e = Z° • x embed in C[y], since Y is dense in So,e. Since p is 
surjective onto Y = N{f), we then have the inclusions C[Y] c C[<So,e] c C[y]. Also C[Y] = C[W( 3 )] since 
W( 3 ) is normal. Now from |Gra92 , the ring C[Y] is generated as a module over C[y] by the unique 
copies of V and W in C[Y]. But C[5o,e] contains a copy of both V and W, via the Z“-equivariant 
projection of So,e onto the + and W factors in g^, respectively. Hence C[<So,e] = C[y]. This shows in 
particular that So,e is normal and p is finite. 
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For any non-regular element in A/'lj), its centralizer in Z° will contain a torus that acts non-trivially 
on any line in V and W. Thus, since p is finite, So,e must be zero on the V and W components over 
such elements. It follows that p is an isomorphism over such elements, that is, when restricted to 
the complement oi Z° ■ x in So,e- 

Moreover, O n So,e consists of exactly two Z-orbits, corresponding to points over the regular and 
subregular Z-orbits in 3 . Since OnSo,E is smooth, it follows that So,e is smooth at points over the 
subregular orbit. Alternatively, this follows from the fact that transverse slice of JV{j) at a subregular 
element is C^/r', where T' c SL 2 is cyclic of order three. The preimage under p of this transverse 
slice must then be C^. 

□ 


Before continuing, we make some observations about transverse slices in SI 3 . Following up on 

our identification of V and W with 3x3 matrices, we identify Ii and I 2 with 5(3 so that ei and 62 

correspond to ( 000 ). 

V 0 0 0 / 


Lemma 12.4. With the above identification of (1 with 0 ( 3 , we have that 



/o 0 l\ 


ho 0 \ 

/o 0 0 \ 

ei = 

0 0 0 

, hi = 

00 0 , /i = 

0 0 0 


i^o 0 0/ 


ivO 0 -ij 

Vi 0 0 / 


is an sh-triple through ei. The intersection of ei with the nilpotent cone in 0 I 3 is the set of 

elements of the form 


: = 


/ \st 





for s,l G C. 


Proof. The ideal of the nilpotent cone in SI 3 is generated by the determinant and the sum of the 
three diagonal 2 x 2 minors. The zero set in ei + 013^1 of these two functions is exactly the elements 
X^t for s,t gC. □ 


Continuing the identification of ti and I 2 with 0 I 3 , we have ei and 62 correspond to 


0 10 
0 0 1 
0 0 0 


Lemma 12.5. If s j^O then g^teig^f 


where 





( 

-1/s 



gst ■■= 


0 




\^sP/2 

-1/2 


( ° 

-1/0^ 

o\ 


Moreover, gst e Li and g^f = 

—s 

t/s 

0 . 



\sH/2 

-p 

-s) 



Proof. It is easy to check that detg^t = l (hence lies in Li) and that is as described. The columns 
ci,c 2 ,c 3 of g^t satisfy Xstci = 0 , X^tC 2 = Cl, and Xstcs = C 2 , from which it follows that gsteig~f = X^t. □ 


As noted above. Lemma |I2.1| applies to eo = ci -1- 62. Furthermore, e + cq g O' . Thus the affine 
linear space 5'+,,^ = e + cq + + ( 2^ + 0^(-2) + (-4) is transverse to O', and hence Sing(0, O') can be 
determined by describing the intersection O n . 


Theorem 12.6. The intersection consists of all elements of the form: 


X,t,X^ 


( -^tu^v 

I -sPu^v 

' 4 


where s,t,u,v g C. 


tv^ 


tu '' 
s'^u 

-\sPuj 


( —^s^tv Pv 

-\sHu'^ Pu'^ 

\-s'^tuv'^ —-Puv'^ —-suv'^ 

\ 4 2 2 



ee-|-[i®l2®yffiVU 
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Pro of. Su ppose s,u Consider the action of the element {get,guv) 6 Z° on x. From Lemmas 12.4 
and 12. 5| (also for the I 2 version), we have 


(gBt,guv)-x = 


e+ {gBt,g-B.v)-{ei,e2,Vi,Wi) 

( --1 -_1 
e+ [gsteigst ( 0 0 0 1 , 

\ \0 0 0/ 


>^9 


/ 0 0 
it; ( 0 0 
V 0 0 


0 0 1 
0 


( 12 . 1 ) 


= e + 


X,t,X^ 


V IsPu^v 


tv^ tu 

s'^v'^ s^u 


-^sHu^ 

y^sHuv^ 



By Lemma 12.2, we have x e O, so the elements in (12.1) lie in O. They also clearly are in 5'+,,^, 
and so this set of elements, of dimension four, lies in O n 5L, . But the latter is of dimension four 


e+eo • 


since this is the codimension of O' in O. Moreover, O is unibranch at points in O'. Hen ce Cln5'_,.,,|, is 
irreducible of dimension four, and must be the clo sure of the set of elements in ( 12.1 ) with ^ 0. 
The closure of this latter set is evidently those in ( 12.1 ) where s,t,u,v are unrestricted. □ 

Let r be the subgroup of Sp 4 (C) generated by diag(a;,w-Lcj,w-i). 

Corollary 12.7. The singularity Sing(C‘‘/r, 0) is equal to Sing( 2 A 2 + Ti, A 2 +2Ai). 


Proof. By the theorem, the variety O n <5',,.^ is isomorphic to the variety with coordinate ring 
C[st, ,uv, ,v^, sv,tu, s^u, su^,Pv,tv'^]. It is straightforward to see that this is the invariant subring 
of C[s,i,M,ri] for the induced action of r. Also e + eo corresponds to the point s = t = u = v = 0. Since 
Sing(On 5 '_,.,,j,,e + eo) = Sing( 2 A 2 + Ai,A2 + 2 Ai), the result follows. □ 

We note an interesting consequence of the above description. The closed subset given by setting 
s = V, t = u has coordinate ring C[s^,P, st, sP, s'^t, s'^,P], which is exactly the coordinate ring of the 
singularity m. This amounts to taking fixed points in OnS'^^^ under an appropriate outer involution 
of g, giving us another proof that the singularity (A 2 + Ai, A 2 + Ai) in F 4 is smoothly equivalent to m. 


12.3. (A 4 + A 3 , A 4 + A 2 + Ai) in Eg- 


12.3.1. We begin by describing a concrete model for the singularity. 

Let A = {a, T ■. a-’^ = P = (arY = 1) be a dihedral group of order 10, acting on V = by: 

t{u, v) = {v, u) and u{u, v) = (^u, where ^ = e~^ and (u, v) s (B = C*. 

Denote by p,g (resp. s,t) the coordinate functions on the first (resp. second) copy of C^. In 
particular, C[y] = C[p,g,s,t]. It is easy to show that the ring of invariants C[F]^ is generated by 
A = pt + qs, B = —2ps, C = 2qt and the functions D = p^-*q* + for 0 < i < 5. We note that 

A^ + BC = {pt - qsY. Since none of the elements of A act as complex reflections on V, it follows 
that the singular points of the quotient V/A are the A-orbits of points with non-trivial centralizer, 
hence are the images in V/A of the points of the form (u,u) (or equivalently, (n,Cfo)) for u e C^. 
Thus the singular locus is properly contained in the zero set of (A^ + BC) in V/A. Let D = A^ + BC 

and for 0 < i < 5 let Gi = (p^-'q' - s®-T’)/(pt - qs) e Frac(C[V]^) = C(V)'^. It is easy to see that for 

0 < i < 5, DGi g C[y]^ vanishes on the singular locus of V/A, and that Fi = AGi+BGi+i for i < 4 (resp. 
Fi = CGi-i - AGi for i > l), whence the Gt satisfy: 2AGi - CGt-i + BGi+i = 0 for 1 < i < 4. (These 
equations are also satisfied by the Ffs.) 

Let y = Spec(C[A, B,C,Go,..., Gs]). 

Remark 12.8. a) The singularity Y can be obtained by blowing up V/A at its singular locus, as 
follows. It is not hard to show that the ideal of elements of C[y]^ which vanish at the singular points 
is generated by D and DGo,.. ., 00 ^. Thus the blowup of V/A can be described as the subset of A® xP® 
which is the closure of the set of elements of the form (A, B,C,Fo,... ,F^,[D : DGo ■■■.■■ DGo]} with at 
least one of D, DGo, ■■■, DG^ Y 0. Clearly, the affine open subset given by D ^ 0 has affine coordinates 
A,B,G,Fi,Gi, and hence is isomorphic to Y. An immediate consequence of this description is that Y 
is birational to V/A. 
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b) It can be shown that the ideal of relations satisfied by A, B,C,Go, ■ ■ ■ ,0^ is generated by the 

expressions 2AGi + BGi+i - GGi-i = 0 together with ten identities of the form GiGj - Gi+iGj-i - 
p(A,B,G) = 0 , where p is a cubic polynomial. For example, GiGi +2 - G?+i = for i < 3 and 

GiGi +3 - Gi+iGi +2 = for i < 2 . 

c) It can be shown that all of the remaining affine open subsets of the blow-up given by DGt ^ 0 
are smooth, in fact are isomorphic to A*. For example, the open subset given by DGo ^ 0 is the affine 
variety with coordinate ring R = C[A, B, C, Fo,..., F5, l/Go, Gi/Go,..., G5/G0]. It is an easy calculation 
(using the identities for the Gi mentioned above) to check that this ring is generated by B,Fo,l/Go 
and Gi/Go, hence by dimensions is a polynomial ring of rank four. Thus the point of Y corresponding 
to the maximal ideal (A, B,G,Gi) is the unique singular point of the blow-up of C*/A. This justihes 
the more succinct description of Sing(C>,C)') given in the introduction. 

d) In general, a blow-up of a symplectic singularity is not a symplectic singularity. In our case, 
O inherits a symplectic structure from that of g, and so (subject to our claim) F is a symplectic 
singularity. More generally, it can be shown that the blow-up (at the singular locus) of the quotient 
of by any dihedral group (with identified with two copies of its reflection representation) is a 
symplectic singularity. 

We will next show that Sing(0,0') is equivalent to Y. 

12.3.2. Let e = Bcj 4-603 4 - 60 ^ 4 - 603 , / = 4/03 4 - 6/03 4 - 6/04 4 - 4 / 02 , h = [e,f]. Then e s O", the orbit 
of type Ai, and j = slsfC) with basis of simple roots {/ 3 i,/ 32 ,d 3 ,/ 34 } := {ag, 07 , 03 , 246532l|^ ^ jg 

isomorphic to the semidirect product of SLsfC) by an outer involution. Let xq belong to the regular 
nilpotent orbit in 3 . 

For the purposes of calculation we identify Z° with SLsfC) by identifying the basis of simple roots 
{/ 3 i,P 2 ,P 3 , 0 i} with the basis of simple roots of SL 5 (C) coming from the choice of diagonal maximal 
torus and upper triangular Borel subgroup, with the usual ordering of simple roots. Let W be the 
natural module for Z° , corresponding to the defining representation of SL 5 . The Z°-module structure 
of g^ includes the following spaces: 

g/(_ 2 ) ^ vu® IF* ec, g^(-4) ^ A"(VU) ® ffi C 

The following vectors are highest weight vectors, relative to the simple roots { 0 i}: 

Wi = 36Qg^^^^^ “ 2^0111111 " ^®1354321 “^®2344321 ^ 

10 2 2 


® 1233321 ^ “^0122221 ^ ^^(IF*). 

1 1 

Let xo := 6^4 + 6^2 4- 6,33 +6^4, d regulur nilpotent element in 3. Then we verified that 


X = e + Xq — Wi + Ui + lOyi — lOzi S O, 


where recall O is of type A4 + A3, and so it follows that So,e = Z° ■ x since both sides are dimension 
20 and O is unibranch at e. T his le ads to a description of So,e, whose details, which we omit, are 
similar to those in Proposition 12 . 3 . Recall that p : So,e —1 A/(3) is the Z-equivariant projection. 


Proposition 12.9. The slice So.e is isomorphic to the ajfinization of the universal cover of the 
regular nilpotent orbit in sLfC), and hence is a normal variety. Moreover, p is finite and is an 
isomorphism when restricted to the complement of Z° -x. Finally, So,e (and hence the affinization) 
is smooth at points over the subregular Z° -orbit inAf{i). 


We also note that O n So,e is the union of two Z°-orbits, one of which projects under p to the 
regular orbit and the other, to the subregular orbit in W(3). 

Let 60 e 3 be an element in the orbit with partition type [ 3 , 2 ], which is codimension four in Af{}). 
Then 6 + 60 G O'. Moreover, 60 satishes the condition in Lemma 12.1 and so we can study the 
singularity (0,0’) by studying 
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Lemma 12.10. The intersection O is isomorphic to the closure of the set of all {M,w[,w[ a 

Aw '2 Aw'^,w[ Aw'^Aw'^ e (eg + 3 ^ 0 ) x (W ® A^(iy) ® A^(VU) ® A'‘(iy)) such that there is a basis 
{w[,w 2 ,..., UI 5 } for W with w[ A ... A w'g = 1 and Mw^ = w[_^ ^ 2^, Mw[ = 0. 

Proof. We can describe So,e in the following way: let {wi,w2,-w3,wi,wg} be the standard basis for 
and let 

/O 1 0 0 0\ 

0 0 10 0 
Mo = 0 0 0 1 0 

0 0 0 0 1 

Vo 0 0 0 0 / 

so that MqWi = 0 and MgWi = Wi-i for 2 < i < 5 . Then So,b is isomorphic to the closure in 3I5 © VU © 
A^{W) ffi A^{W) © A^(IU) of the SLs-orbit of Mg := (Mo , lOi, uii A 102, Wi A UI2 A 103, ooi A UI2 A 103 A 104). 

To describe the subvariety On5'_,.,,|j = So,e we note that if M e eo + 3 * is nilpotent then 

generically M is regular and therefore there exists a basis S = {loj, 102 , 103 , 10 ^ 105 } of such that 
Mw[ = 0 and Mio' = io'_i for i > 2 . After scaling, we may assume that ge ■= (loj lOj lOj 104 lOg) has 
determinant one. Then the tuple (M, w[,w[ a loJ,, io( aw'^ A lOj, io( a lOj A103 a 104) = ■ Mg- D 

Next, we concretely describe the variety Af{i) n (eo + 3 *). Let 


r 

0 

0 

0 

o\ 


r 

0 

-1 

0 

0 \ 

0 

0 

0 

0 

0 


0 

0 

0 

-1 

0 

2 

0 

0 

0 

0 

, /o = 

0 

0 

0 

0 

-1 

0 

1 

0 

0 

0 


0 

0 

0 

0 

0 

Vo 

0 

2 

0 

0 


Vo 

0 

0 

0 

0 / 


eo = 


and then eo + 3 * consists of all matrices of the form 

/2a b c d g\ 

0 —3a h k I 

2 0 2a 6 c 

0 10 —3a h 

Vo 0 2 0 2a J 

where a, b, c, d, g, h,k,l £ C. For the purposes of our calculation, we consider the matrices in eg + 3 * of 
the form: 

/2a b c— 6a^ d — 2ab 
0 —3a h 9a^ — 4c 

M = 2 0 2a b 

0 1 0 -3a 

V 0 0 2 0 

A calculation confirms that any such matrix satisfies TrM^ = TrM^ = 0 , and that the conditions 
TrM'* = 0 and TrM^ = 0 are expressed in terms of the coordinates a,b,c,d,h,l as: 


40a^ — lOac — |6/i\ 
I — 2ah 
c — 6a^ 
h 

2a j 


( 12 . 2 ) 


dh + bl + —P = a{9bh — 216a^ + 72ac), dl = c(9bh — 216a^ + 48ac). 


Since every irreducible component of the set of (a, b, c, d, h, 1) satisfying these two equations has di¬ 
mension at least four, it follows that the set of matrices given by the coordinates satisfying ( 12 . 2 ) 
is equal to the set of nilpotent elements of eo (and is therefore irreducible). 

It is easy to verify that the rational functions a = A/Ci^ b = -Go/ 3 , c = -BG/ie, d = BGi/i, 
h = G 5 / 3 , I = GG 4/4 in C{p,q,s,t) satisfy (12.2). Since A,BC,Gg,Gg,BGi,CGi are regular functions 
on Y, we have therefore constructed a morphism from Y to n (eo + 3 *), corresponding to the 
inclusion C[A,BG,Gg,G5,BGi,GGi] c C[Y]. In fact, this morphism corresponds to quotienting Y by 
the action of a group of order five, as follows: let p be the automorphism of order five of V which 
sends (p,q,s,t) to (Cp,C“^ij,C«,C”b). Then p normalizes r and has an induced action on Y satisfying 
C[Y]'’ = C[A,BG,Go,G 5 ,BGi,GG 4 ]. (The invariants B'^Gg and G^Go are contained in this ring, since 
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BG2 = CGo - 2 AGi and GG3 = 2AG4 + BGa-) It follows that the coordinates a = Aj^ etc. given above 
define an isomorphism from Yj^p) to Mish) n (eo 

Remark 12.11. The above discussion indicates an interesting way to view the singularity ([5], [3,2]) 
in bIs, as an affine open subset of the blow up of the quotient of by a group of order 50. Indeed, 
the group generated by r and p is isomorphic to the complex reflection group G(5,1,2), acting on 
= G©!7* where U is the defining representation for G(5,1,2). Blowing up the quotient at the set 
of orbits of points of the form (n,n), and restricting to the affine open subset given by D ^ 0, one 
obtains the variety Y/{p). 


We will first give an ad hoc justification that *5b,e+eo ■= ^^15'.,.,,^ is isomorphic to Y, and then 
a more rigorous proof. Fix a matrix M as above with coordinates a = A/6, etc., which we think of 
as depending on the point (A, B, G, Go,..., G5) g Y. The space of (column) vectors in W which are 
annihilated by M is generically of dimension one, spanned by 

/-|GoG 4 + |A=B+iB"G\ 

-\CG3 - ^BG3 
= -\AB 

— G 4 

\ B J 


Similarly, the space of (row) vectors in VU* which are annihilated by M is also generically of dimension 
one, spanned by it) = (G, -Gi, -|AG, |GGo - \AGi, |A^G + j^BC^ + iGiGs). It follows that if 
z e Z° = SLs is such that AdzfAfo) = M, then zwi is a scalar multiple of ui), and uiz is a scalar 
multiple of u[. Our more rigorous argument below will (essentially) consist of showing that these 
scalars, up to multiplication by a fifth root of unity, are independent of p,q,s,t- Thus the ring of 
regular functions on also contains elements which naturally correspond to B, G, Gi and G4. 

To continue along this line, we would have to find a vector ui' e lU such that Mw'^ = w[, and similarly 
for u[. Then it turns out that the coordinates of w[ aw'^ and u'^Au'^ are contained in C[y], and include 
scalar multiples of G2 and G3. Thus one obtains a morphism p : Y ^ which (since all of 

the generators A, B, G, Gi appear somewhere in the coordinates describing ip) is evidently a closed 
immersion, hence an isomorphism by equality of dimensions and reducedness. 

For a more careful analysis, we note that finding a basis {w[,.. for C** such that Mw[ = w[_^ 
for i > 2 and Mw[ = 0 is essentially equivalent to finding an element w'^ g C** such that M^w'^ 7^ 0 . 
Moreover, any transformation of the form ui' i-a tOg + aw'^ + /3u!' + 7 U 1 ' + 5w[ preserves the elements 
to), ui) A to), to) A to) A to), to) A to) A to) A to). Thus, to find 2: • Mq where Adz(Mo) = M, it suffices to 
choose an element to) such that Af'‘to) ^ 0, and then to multiply to) by an appropriate scalar such 
that det(to) to) to) to) to)) = 1. For this purpose, we first choose 


0 

0 

0 

voy 


then to) = 


0 

2 

0 

Voy 


/-i 


A= - iBG\ 

|G5 

0 
4 


and finally 


^^4 ||a=BG + )^B=G= + AG0G5 + iBGiGs - ^GGoGi\ 
iAGG4 + fBGGa 
^ABG 
GGi 
-BG 


= -G 


/|A3 + iABG+iGoG5\ 
GG4 - I AGs 
-|A^-iBG 
2 G 5 
4 A 


/-iGoG4 + |A-B+iB=G\ 


-iGGa - ^ 
-lAB 
—G 4 
B 


BGs 


Then one can show that the determinant of the matrix (to) to) to) to) to)) is —C^. Thus we replace 
each of to', 1 < t < 5 by to'' = -to'/G, which is well-defined whenever G 7 ^ 0. In other words, whenever 
G 7 ^ 0 we can construct a matrix = (to)' to)' to)' to)' to)') of determinant I such that = AI. 
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It is now a routine computer calculation to verify that, relative to the obvious basis for A^(VU), 
we have 


frsGoGl - ^C^Go + ^AG=Gi - ^A=CG. + 

- iAGoGa - ^,BGoG. 
-IA^G^-^ABG 4 -^B^G, 

^AB'^ + |GoG3 

„ -iG(AG2 + 2 i?G 3 ) 

■WiAw^= r 

-CzsLrs — Lr 4 

AG^ + BG4 
+ ^BGa 

V 2G3 / 

and similarly 

+ j-,A^CG, + 4^ABCG, - j-,BC-G, - ^^GoG,G,\ 

— IAG3G4 + ^BGsGs — |BG| 

^A^Ga + ^A_BG3 + ^BGG^ — ^G^Gq 
~'^ABG3 + -AB^Ga — ^A^Ga 
-|b" + |GoG2 
^AGa + ^BGs 
-IG3G4 - iAG= 

AG2 + BG3 

i^2 

-2G2 / 

Finally, it is straightforward to show using the identification of A^{W) with W* that 

w'; A -U)" A 1 «" A w 2 = (-G Gi iAG iCGo - fAGi iA^C + j^BG'^ + ^GiGb) • 

What these computations amount to is the following: 

Theorem 12.12. There is a morphism from the open subset ofY given by C ^0 to Gn5'_,.,, , given 
by letting the matrix qb act on Mo . Moreover, this morphism extends to an isomorphism from Y to 

^O,e+Bo- 

Proof. The first part follows from the above discussion, since gs has coordinates in the localized ring 
C[Y]c- But we can see by our calculations that in fact, the coordinates of M and «)",..., w['Aw'f Aw'f Aw'f 
all he in C[Y]. Thus we can extend the morphism to a morphism ip from Y to Since each of 

the generators A, S, G, Go, ..., Gs appears (up to multiplication by a scalar) as a coordinate of the map 
ip, it follows that is a closed immersion, and hence by dimensions, irreducibility and reducedness, 
is an isomorphism onto <So,e+ep- D 


/- 


w, A JU, A «), = 


13. Graphs 


Capital letters are used to denote simple singularities and lower-case letters to denote singularities 
of closures of minimal nilpotent orbits. The notation m, m', g, y, 02/62 and r are explained in §1.8.4. 
The intrinsic symmetry action induced from A(e) is explained in ^ and the notation is explained in 
§6.2. We use (Y) to denote a singularity with normalization Y. 
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G 2 

I G2 

G2(ai) 
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^1 
I m 
^1 
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I ^3 
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Ia 
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Ee 
I Eq 
EQ{ai) 

I As 

I Cs 



A3 2A2 + Ai 



0 
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^ I Co 




4Ai 




GENERIC SINGULARITIES OF NILPOTENT ORBIT CLOSURES 


55 


[AIe79] 


[AS09] 

[AW14] 

[BeaOO] 

[Bell4] 

[BM81] 

[BM83] 

[Bri71] 


[Bro98a] 

[Bro98b] 

[BS84] 

[Car93] 

[Cat87] 

[CM93] 

[dG08] 

[Dyn52] 

[FJLSa] 

[FJLSb] 

[Fu03] 

[FulO] 

[FZ03] 

[GAP15] 

[GG02] 

[Gra92] 

[Henl4] 

[Hes76] 

[Hin91] 

[Jam81] 

[Jos84] 

[Jut07] 

[KalOe] 

[KP81] 

[KP82] 

[KP89] 

[Kra89] 

[LeB95] 


References 


A. V. Alekseevskii. Component groups of centralizers of unipotent elements in semisimple algebraic groups. 
Akad. Nauk Gruzin. SSR Trudy Tbiliss. Mat. Inst. Razmadze, 62:5—27, 1979. Collection of articles on 
algebra, 2. 

P. N. Achar and D. S. Sage. Perverse coherent sheaves and the geometry of special pieces in the unipotent 
variety. Adv. Math., 220(4):1265-1296, 2009. 

M. Andreatta and J. A. Wisniewski. 4-dimensional symplectic contractions. Geom. Dedicata, 168:311-337, 
2014. 

A. Beauville. Symplectic singularities. Invent. Math., 139(3):541-549, 2000. 


G. Bellamy. Counting resolutions of symplectic quotient singularities. Preprint 1405.6925 


2014. 


W. Borho and R. MacPherson. Representations des groupes de Weyl et homologie d’intersection pour les 
varietes nilpotentes. C. R. Acad. Sci. Paris Ser. I Math., 292(15):707-710, 1981. 

W. Borho and R. MacPherson. Partial resolutions of nilpotent varieties. In Analysis and topology on singular 
spaces, II, III (Luminy, 1981), volume 101 of Asterisque, pages 23-74. Soc. Math. France, Paris, 1983. 

E. Brieskorn. Singular elements of semi-simple algebraic groups. In Actes du Gongres International des 
Mathematiciens (Nice, 1970), Tome 2, pages 279-284. Gauthier-Villars, Paris, 1971. 

A. Broer. Decomposition varieties in semisimple Lie algebras. Canad. J. Math., 50(5):929—971, 1998. 

A. Broer. Normal nilpotent varieties in F 4 . J. Algebra, 207(2):427-448, 1998. 

W. M. Beynon and N. Spaltenstein. Green functions of finite Chevalley groups of type En {n = 6, 7, 8). J. 
Algebra, 88(2):584-614, 1984. 

R. W. Carter. Finite groups of Lie type. Wiley Classics Library. John Wiley Sz Sons Ltd., Chichester, 1993. 
Conjugacy classes and complex characters. Reprint of the 1985 original, A Wiley-Interscience Publication. 

F. Catanese. Automorphisms of rational double points and moduli spaces of surfaces of general type. Gom- 
positio Math., 61(1):81-102, 1987. 

D. H. Collingwood and W. M. McGovern. Nilpotent Orbits in Semisimple Lie Algebras. Van Nostrand 
Reinhold Co, New York, 1993. 

W. A. de Graaf. Computing with nilpotent orbits in simple Lie algebras of exceptional type. LMS J. Gomput. 
Math., 11:280-297, 2008. 

E. B. Dynkin. Semisimple subalgebras of semisimple Lie algebras. Mat. Sbornik N.S., 30(72):349—462 (3 
plates), 1952. 

B. Fu, D. Juteau, P. Levy, and E. Sommers. Duality for generic singularities of special slices in simple lie 
algebras. In preparation. 

B. Fu, D. Juteau, P. Levy, and E. Sommers. Geometry of special pieces in nilpotent orbits. In preparation. 
B. Fu. Symplectic resolutions for nilpotent orbits. Invent. Math., 151(1):167-186, 2003. 

B. Fu. On Q-factorial terminalizations of nilpotent orbits. J. Math. Pures Appl. (9), 93(6):623-635, 2010. 
H. Flenner and M. Zaidenberg. Rational curves and rational singularities. Math. Z., 244(3):549—575, 2003. 
The GAP Group. GAP - Groups, Algorithms, and Programming, Version 4-7.8, 2015. 

W. L. Gan and V. Ginzburg. Quantization of Slodowy slices. Int. Math. Res. Not., 2002(5):243—255, 2002. 
W. A. Graham. Functions on the universal cover of the principal nilpotent orbit. Invent. Math., 108(1):15— 
27, 1992. 

A. Henderson. Singularities of nilpotent orbit closures. Preprint 1408.388^, to appear in the Proceedings of 
the 5th Japanese-Australian Workshop on Real and Complex Singularities, 2014. 

W. Hesselink. Singularities in the nilpotent scheme of a classical group. Trans. Amer. Math. Soc., 222:1-32, 
1976. 

V. Hinich. On the singularities of nilpotent orbits. Israel J. Math., 73(3):297—308, 1991. 

G. D. James. On the decomposition matrices of the symmetric groups III. Journal of Algebra, 71:115—122, 
1981. 


A. Joseph. On the variety of a highest weight module. J. Algebra, 88(1):238—278, 1984. 

D. Juteau. Modular Springer correspondence and decomposition numbers. PhD thesis, Universite Paris 7 - 
Denis-Diderot, 2007. 

D. Kaledin. Symplectic singularities from the Poisson point of view. J. Reine Angew. Math., 600:135—156, 
2006. 

H. Kraft and C. Procesi. Minimal singularities in GLn. Invent. Math., 62(3):503—515, 1981. 

H. Kraft and C. Procesi. On the geometry of conjugacy classes in classical groups. Gomment. Math. Helv., 
57(4):539-602, 1982. 

H. Kraft and C. Procesi. A special decomposition of the nilpotent cone of a classical lie algebra. Asterisque, 
173-174:271-279, 1989. 

H. Kraft. Closures of conjugacy classes in G 2 - J- Algebra, 126(2):454—465, 1989. 

C. LeBrun. Fano manifolds, contact structures, and quaternionic geometry. Intemat. J. Math., 6(3):419-437, 
1995. 




56 


BAOHUA FU, DANIEL JUTEAU, PAUL LEVY, AND ERIC SOMMERS 


[LoslO] 

[LS79] 

[LS 88 ] 

[LTll] 

[Lus81] 

[Lus90] 

[Lus97] 

[Maf05] 

[Mat02] 

[Nam] 


[NamOl] 

[OV90] 

[Pan91] 

[Sho80] 

[SI 08 O] 

[Som98] 

[SomOS] 

[Som05] 

[Spa82] 

[Spr76] 

[VP72] 

[WieOS] 


I. Losev. Finite W-algebras. In Proceedings of the International Congress of Mathematicians. Volume III, 
pages 1281-1307. Hindustan Book Agency, New Delhi, 2010. 

G. Lusztig and N. Spaltenstein. Induced unipotent classes. J. London Math. Soc. (2), 19(l);41-52, 1979. 
T. Levasseur and S. P. Smith. Primitive ideals and nilpotent orbits in type G 2 . J. Algebra, 114(1):81-105, 
1988. 

R. Lawther and D. M. Testerman. Centres of centralizers of unipotent elements in simple algebraic groups. 
Mem. Amer. Math. Soc., 210(988);188, 2011. 

G. Lusztig. Green polynomials and singularities of unipotent classes. Adv. in Math., 42(2);169-178, 1981. 
G. Lusztig. Green functions and character sheaves. Ann. of Math. (2), 131(2):355—408, 1990. 

G. Lusztig. Notes on unipotent classes. Asian J. Math., l(l);194-207, 1997. 

A. Maffei. Quiver varieties of type A. Comment. Math. Helv., 80(l);l-27, 2005. 

K. Matsuki. Introduction to the Mori program. Universitext. Springer-Verlag, New York, 2002. 

Y. Namikawa. Birational geometry of symplectic resolutions of nilpotent orbits 2 (version 1). 
arXiv:math/0408274. 

Y. Namikawa. Extension of 2-forms and symplectic varieties. J. Reine Angew. Math., 539(2):123-137, 2001. 
A. L. Onishchik and E. B. Vinberg. Lie groups and algebraic groups. Springer Series in Soviet Mathematics. 
Springer-Verlag, Berlin, 1990. Translated from the Russian and with a preface by D. A. Leites. 

D. I. Panyushev. Rationality of singularities and the Gorenstein property of nilpotent orbits. Funktsional. 
Anal, i Prilozhen., 25(3):76-78, 1991. 

T. Shoji. On the Springer representations of Chevalley groups of type F 4 . Comm. Algebra, 8(5):409-440, 
1980. 

P. Slodowy. Simple singularities and simple algebraic groups, volume 815 of Lecture Notes in Mathematics. 
Springer, Berlin, 1980. 

E. Sommers. A generalization of the Bala-Carter theorem for nilpotent orbits. Internat. Math. Res. Notices, 
1998(ll):539-562, 1998. 

E. Sommers. Normality of nilpotent varieties in Eq. J. Algebra, 270(l):288-306, 2003. 

E. Sommers. Normality of very even nilpotent varieties in D 21 . Bull. London Math. Soc., 37(3):351-360, 
2005. 

N. Spaltenstein. Classes unipotentes et sous-groupes de Borel, volume 946 of Lecture Notes in Mathematics. 
Springer-Verlag, Berlin, 1982. 

T. A. Springer. Trigonometric sums, Green functions of finite groups and representations of Weyl groups. 
Invent. Math., 36:173—207, 1976. 

E. B. Vinberg and V. L. Popov. A certain class of quasihomogeneous affine varieties. Izv. Akad. Nauk SSSR 
Ser. Mat., 36:749-764, 1972. 

J. Wierzba. Contractions of symplectic varieties. J. Algebraic Geom., 12(3):507-534, 2003. 


Hua Loo-Keng Key Laboratory of Mathematics and AMSS, Chinese Academy of Sciences, 55 Zhong- 
GuanCun East Road, Beijing, 100190, P. R. China 
E-mail address: bhfuSmath.ac.cn 


LMNO, Universite de Caen Basse-Normandie, CNRS, BP 5186, 14032 Caen Cedex, France 
E-mail address: daiiiel.juteauaunlcaen.fr 

Department of Mathematics and Statistics Fylde College, Lancaster University Lancaster LAI 4YF, 
United Kingdom 

E-mail address: p.d.levyaiancaster.ac.uk 

Department of Mathematics and Statistics, University of Massachusetts, Amherst, MA 01003-4515, 
USA 

E-mail address: esommersamath.umass.edu 



